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1. I n t r o d u c t i o n  

Let G be a domain in R n. A function u: G -~ R belongs to the space Lip(G) 

if u is weakly differentiable and IIVUlILp(G) < OC. The linear space Lip(G) is a 

seminormed space with the seminorm 

IlulJL (c) %f IIWlIL,(a). 

A function u: G ~ R belongs to the space WI(G)  i f u  e Lp(G) NL~(G) .  The 

linear space W~(G) is a Banach space with the norm 

_ 2 Ilullw ,(G) dot (llullL,(c)+ II II  (G)} 1/2. 

We will also use the short notation I lulla,p instead of IlullL~(O) and I lull(~,p) instead 

of Ilullw~(o), 
Let G and G'  be two domains in R n. 

Problem: Change of  variable problem for Sobolev spaces. Describe the set of 

all homeomorphisms ~o: G -~ G' that  induce bounded operators ~o*: L~(G') -* 

L~(G) (~*: Wr ---* W~(G) ) . 

We use the notation qa* (u) = u o ~ .  

The problem was studied in the papers [16], [17], and [5] for invertible operators 

~o*. The following result was established: 

THEOREM 1.1: * Let G and G r be two domains in R ~ and let qv: G -* G ~ be a 

measurable mapping. Suppose that the mapping ~ induces a bounded operator  

~*: L~(G') ~ L~(G) such that the operator (~o*) -~ is also bounded. Then: 

(1) For p = n, the mapping ~o: G --* R '~ is a quasiconformal homeomorphism. 

(2) For p > n - 1, p r n, the mapping qo: G --* R n is a quasiisometrical 

homeomorphism.** 

The inverse theorem is much simpler to establish. A quasiconformal homeo- 

morphism ~o: G ~ G t induces a bounded invertible operator ~o* for p = n (see, 

for example, [12]). A quasiisometrical homeomorphism qo induces a bounded 

operator for all p (see, for example, [4], [19]). 

* We formulate a simple form of a more general result. The general form is to be 
found in [4] (chapter 4). 

** For p < n - 1 the result is true if the mapping ~ is continuous. We could not 
prove these results for measurable mappings. The definition of quasiisometrical 
homeomorphisms can be found in Section 2. 
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Notation: As usually B(x,  r) is an open ball with center x and radius r, B~ ~f  

B(O, r), S(x, r) is a sphere with center x and radius r. If A C R '~ is an arbitrary 

set, then OA is the boundary of A, ] A I is the outer Lebesgue measure of A, cl A 

is the closure of A and Int A is the interior of A. 

Let 
~,(x ,  r) - I ~(B(x ,  r)) I 

I B(x, r ) ]  

We use the following quantities: 

The volume derivative ~'v(x) of the homeomorphism ~ at the point x 

~',(x) = ~inl ~ ~v(x, r), 

the local Lipschitz constant of a homeomorphism ~ in the ball B(x,  r) 

I (y) -  (x)l 
l~(x,r) = sup 

yes(~,~) lY - xl 

and the local Lipschitz constant of a homeomorphism ~ at the point x 

l~ (x) = lim sup lv (x, r). 
r ---~0 

If the mapping ~ is differentiable at a point x, then Iv(x) = ] ~'(x)[.  

The following result for the change of variable problem is typical for this paper: 

THEOREM 1.2 (Change of variable theorem for p _> n): Let n <_ p < cx). A 

homeomorphism ~: G --~ G' induces the bounded operator ~': L~(G') ~ L~(G) 

iff for every point x C G 

(1) lim sup lp(x' r) 
 o(x, r) 

where the constant K does not depend on x. 

For p = n, the inequality (1) is equivalent to the classical definitions of quasi- 

conformal homeomorphisms (see, for example, [14] or [12]-). We use inequality (1) 

to define new classes of homeomorphisms (p-quasiconformat homeomorphisms). 

Let 1 _< p < co. A homeomorphism ~: G --* G' is called a p -q u as i co n fo rm a l  

h o m e o m o r p h i s m  at x if 

limsup l~(x, r) 
~--.o ~v(x, r----~ < oo 
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and the quantity 

Kp (x, ~) = limsup l~(x, r) 
r -o  ~v(x ,r)  

is a p-dilatation of ~ at x or, in short, the p-dilatation at x. 

If 

Kp (~) = sup Kp (x, ~) < co, 
xEG 

then the homeomorphism ~ is p -quas i con fo rma l  and Kp (~) is a p -d i l a t a t i o n  

of ~. For p = n, the class of p-quasiconformal homeomorphisms coincides with 

the class of quasiconformal homeomorphisms (see, for example, [14], [12]). The 

definition of p-quasiconformal homeomorphism for p = n is similar to one of the 

classical metrical definition of quasiconformal mappings [3]. 

Let us denote the set of all p-quasiconformal homeomorphisms ~: G --* G' 

by QCp(G, G'). If G -- G I we will use the notation QCp(G). By Theorem 1.2 

a homeomorphism ~ induces a change of variable operator between the spaces 

L~(G) and L~(G') (p >_ n) iff ~ �9 QCp(G, G'). 

For p < n the condition (1) of Theorem 1.2 is not necessary. Therefore 

we introduce some new classes of homeomorphisms (almost p-quasiconformal 

homeomorphisms). These classes give us necessary and sufficient conditions for 

n - l < p < n .  
Let q > 1. The quantity 

Qp,q (x, ~) = limsup Ip(x'r) 
~ o  ~v(x, qr) 

is a (q,p)-dilatation of the homeomorphism ~ at x or, in short, the (q,p)- 
dilatation at x. If q = 1 the definition is equivalent to the definition of p- 

quasiconformality. The quantity 

Qp,q (r d___ef sup Qp,q (x, V) 
xEG 

is a (q, p)-dilatation of the homeomorphism ~. 

If there exists q > 1 such that 

Qp,q (~) = sup Qp,q (x, ~) < oo, 
xEG 

then homeomorphism ~: G --~ G' is ap -quas i confo rma l  (almost p-quasi- 

conformal). Let us denote the set of all ap-quasiconformal homeomorphisms 

G ~ G' by QCap(G, G'). If G = G' we will use the notation QCap(G ). 
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THEOREM 1.3 (Change of variable theorem for n - 1  < p < n): Let n - 1  < p < n. 

A homeomorphism ~: G --* G' indites the bounded operator ~*: LI(G ') -* 

L~(G) iff ~ is an ap-quasiconformal homeomorphism. 

If p _> n classes of ap-quasiconformal homeomorphisms and p-quasiconformal 

homeomorphisms coincide. For p < n the classes are different and QCv(G , G') C 

QCap(G, G'). Examples of ap-quasiconformal but not p-quasiconformal homeo- 

morphisms can be found in Example 6 (section 4). 

For p < n - 1 the condition of Theorem 1.3 is not necessary. For this case we 

do not know a geomet r i ca l  desc r ip t ion  of the corresponding class of homeo- 

morphisms. Necessary and sufficient analytical conditions are the following: 

THEOREM 1.4 (Change of variable theorem for 1 < p _< n - l ) :  Let 1 <_ p <_ n - 1 .  

A homeomorphism ~: G --* G' induces the bounded operator ~*: LI(G ') --* 

L~(G) iff ~ C W~,lor ) and almost everywhere 

i,j=l Oxj / - 

where the constant K does not depend on x. 

Remarks: (1) The change of variable problem had been studied in terms of 

multipliers of Sobolev spaces in [10]. (2) Theorem 1.4 for spaces W~(R ~) was 

obtained in [15] with additional restrictions. The change of variable problem for 

the case ~*: LI(G ') ~ L~(G) (q < p) had been studied in [18]. However, the 

arguments in [15] and [18] have gaps. 

Let us mention some properties of p-quasiconformal homeomorphism which 

will be proved in Section 2: 

(1) a p-quasiconformal homeomorphism is differentiable almost everywhere; 

(2) for p > 1, a p-quasiconformal homeomorphism is absolutely continuous in 

the Tonelly sense (ACL-property); 

(3) the coordinate functions of a p-quasiconformal homeomorphism belong to 

the Sobolev space W~doc; 

(4) for p > n, a p-quasiconformal homeomorphism is locally Lipschitz; 

(5) for p < n, a p-quasiconformal homeomorphism ~ "does not compress" 

volume, i.e. for every compact set B, ]~(B)]/[B] > a 2 > 0; 

(6) let G,G' ,G"  be domains in R ~, p >_ n, ~ E QCp(G,G') and 

r E QCp(G', G"); then r  E QCp(G, G"). 
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For p > n the set QCp(G) is a semigroup. Only for p = n (for the quasicon- 

formal case) is QCn(G)  a group. For p < n we could not  prove tha t  QCp(G) is 

a semigroup. If  pl  > p > n or Pl < P < n, then QCp(G, G')  C QC m (G, G') .  

The following example demonst ra tes  tha t  the behaviour of p-quasiconformal 

homeomorphisms (p # n) is essentially different from the behaviour  of quasicon- 

formal homeomorphisms.  For p # n, p-quasiconformal homeomorphisms demon- 

strate some "anisotropic" properties as we can see from the following example. 

n 
Example  1: Let ~ = ( a l , O ~ 2 , . . . , O c n ) ;  O~ ---- Y~I a i  where - 1  < a l  _< or2 _< . . .  _< 

c~,, and let ~o: B(O, 1) --* R n be the following: 

= ( x x .  Ixl ',x2 �9 

For x # 0  

Hence for x # 0 

1 + ~-~c~ix2lxr  2 > min(~i  + 1). 
i=1 

det I (x ,  ~0) = Ixp(1  + ~ aix2Ix] -2)  ~- Ixl ~ 
i = l  

and l~o(x) < cons t -  Ix[ ~1 . So the homeomorphism So is p-quasiconformal in the 

set R n \ { 0 }  for a l l p  such tha t  p . a l  _> a.  For x = O, l~ (x , r )  = r ~1 and 

[so(B(0, r)l = an �9 r '~+~. Here an is the volume of the unit ball in R n. So the 

homeomorph ism qo is p-quasiconformal at 0 if p .  a l  _> a.  

Consider three cases: a l  > 0, a . c t i  -1 = n, or a l  < 0. (1) If  a l  > 0 then 

p > ct - a~ -1 and a �9 a i  -1 > n. So the homeomorphism ~o is p-quasiconformal for 

all p _> a �9 a i  -1. For p < a �9 a i  -1 the homeomorphism is not p-quasiconformal.  

(2) I f a . a - ~  ~ = n then a l  = ai  for all i = 1,2 . . . .  n and the homeomorph ism ~o is 

quasiconformal.  (3) If a <_ a l  < 0 then ~o is p-quasiconformal for all p 6 [1, aa~- 1]. 

In  this case signs of the numbers  a l ,  a 2 , . . . ,  a s  may  be different. We may  choose 

these numbers  such tha t  a l  < a2 < . . .  < a n - 1  < 0, an  > 0 and a <_ a l .  For 

this choice the homeomorph ism qo is p-quasiconformal for 1 <_ p < a a i  -1 < n - 1 

and bo th  homeomorphisms ~o, qo -1 do not possess the Lipschitz property.  
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2. T h e  a n a l y t i c a l  p r o p e r t i e s  o f  p - q u a s i c o n f o r m a l  a n d  ap-quasi-  

c o n f o r m a l  h o m e o m o r p h i s m s  

In this section we establish some differential properties of p-quasiconformal and 

ap-quasiconformal homeomorphisms. 

From this point on we assume that G, G' are two domains in R n. 

2.1 PRELIMINARY RESULTS. Definition of  quasiisometrical homeomorphisms. 

If 

gor  d~=f sup l~(x) < oo 
x6G  

and 

K o r  d_cf sup I~-, (x) < cr 
y6G' 

then a homeomorphism ~: G --+ G' is q u a s i i s o m e t r i c a l  and the quantity 

g I ( ~ )  = max{K~(~) ,  g ~ ( ~ - l ) }  is a m e t r i c a l  d i l a t a t i o n  of ~. 

Let us denote QI(G, G') the group of all quasiisometrical homeomorphisms 

~: G --* G' .  

PROPOSITION 2.1: For all 1 < p < cr QI(G,G')  C QCp(G,G')  and Kp(~)  < 

K I  p+'` (~a). 

Proof." It is evident that  for a quasiisometrical homeomorphism qo: G --~ G' 

K I  -'~ (~v) < l imsup~v(x , r )  < K I  n (~), 
r ---*0 

K1-1  (qo) < l:(x)  < K I  (:)  

for all x 6 G. Therefore 

Kp (~) <_ KI"+ ' (~ )  

and ~ is a p-quasiconformal homeomorphism. 

Suppose that  ~: G --+ G' is a homeomorphism. Then ~ maps every Borel set 

A C G onto a Borel set. The quantity #~(A) d4f l~(A)l is regular outer measure 

(in the Borel sense), i.e. all open sets are #~-measurable and for each set A C G 

there is a Borel set B D A such that t%(A) = t%(B). Indeed, for each set A C G 

there is a Borel set C C G' such that  C D ~(A) and [~(A)[ = [C[. Hence ~ - I ( C )  

is the Borel set, ~ - I ( c )  D A and 

= I C I  = I , z ( A ) I  = 
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From the Lebesgue theorem, one can obtain the following Poposition; see e.g. 

[14] Theorem 2.4.2. 

PROPOSITION 2.2: 

(1) ~ ( x )  < co almost everywhere; 

(2) ~ (x) is a measurable function; 

(3) for each measurable set A C G, I~(A)I > fA V'(x)dx; 

(4) if the homeomorphism ~ is differentiable at x and I(x, ~) is the Jacoby 

matrix of f at x, then 

~'~(x) = I det I(x, ~)1 ~ I1(~, v)l. 

Let us present a transparent geometric interpretation of the notion of p-quasi- 

conformality for differentiable case. 

Let ~: R n ~ R n be a linear isomorphism. There are two orthogonal bases 

(e'l,e'2,...e',~), (~1,~2,-.-~,~) and positive numbers A1 < A2 _< - "  <_ An such 

that  ~(~)  -- Aiffi for i = 1 , 2 , . . . , n  (see, for example, [12]). The vectors 

(~1, e*2,..., gn) are the eigenvectors for the symmetric linear isomorphism ~To 

and the numbers A12, A2,. . . ,  A 2 are the corresponding eigenvalues.* 

If S ~-1 is a unit sphere in R n, then for the basis (~1, if2,. . . ,  gn) the set ~(S ~- t )  

is the surface 
2 

A-~I -I- A-~ ~ --- 1, 

z (0) = An, IZ(x, v)l = and Kp (V) - -  ) ~ P n - 1 / ( ~ l ' ~ 2  " ' '  A n- l ) .  

For a diffeomorphism ~: G --* G' the positive numbers Al(X) < A2(x) _< " "  _< 

A~(x) correspond to the linear isomorphism d~(x). Then Iv(x) = An(x), [I(x, ~)[ 

= AI(x)A2(x)...  An(x) and the p-dilatation has the folowing simple form: 

gp (x, V) = A~-I(x)/(AI(x)A2(x) "'" A~-l(x)). 

2 .2  DIFFERENTIABLE PROPERTIES OF p-QUASICONFORMAL HOMEOMORPHISMS 

PROPOSITION 2.3: A p-quasiconformal (ap-quasiconformal) homeomorphism 

~: G ~ G' is differentiable almost everywhere (i.e the differential d~(x) exists 

a.e.). 

* Here ~v is the conjugate linear isomorphism. 
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Proof: Let ~ E QCp(G,G').  By Proposition 2.2, ~' ,(x) < c~ a.e. By the 

definition of a p-quasiconformal homeomorphism lP(x) <_ gp  (qo). qo'v(x ) a.e. So 

l~(x) < ~ a.e. Recall the Rademacher-Stepanov theorem (see, for example, [1] 

Theorem 3.1.9): 

Let a set B be open, A C B C R ~ , ~: B ~ R TM and 

l imsup I~(Y) - ~(z)l < c~ 

for all x E A. Then the mapping ~ is differentiable at almost all points in A. 

By this theorem a p-quasiconformal homeomorphism is differentiable a.e. For 

ap-quasiconforrnal homeomorphisms the proof is the same. I 

Let R~ -1 de=f {x E Rn[ xi = 0}, P~ be the orthogonal projection of Rn onto 

p n-1 and Q de_f {x E R~[ aj < xj <_ aj + d ,  d > 0, j = 1 , 2 , . . . n }  be a closed 

cube. If a mapping ~: Q ~ R n is continuous and absolutely continuous on 

almost every line segment in Q, parallel to coordinate axes, then ~ is ACL on Q 

(absolutely continuous on lines). 

If  U is an open set in R~ and a mapping qo: U ~ Rn is ACL on every closed 

cube Q c U, then ~ is ACL. 

The theorem below is an extension to the p-quasiconformal case of the corre- 

sponding results for quasiconformal homeomorphisms [2] and [14] section 31.2. 

THEOREM 2.4:  Let p > 1. A p-quasiconformal (ap-quasiconformal) homeomor- 

phism ~: G --~ G ~ is ACL. 

The proof is essentially the same as that  presented in [14]. 

Remark  1: The case p = 1 is exceptional. A 1-quasiconformal homeomorphism 

is not necessarily ACL, as can be seen from the following example: 

Example 2: Let u: R --~ R be a continuous increasing function. Suppose that  u is 

not an absolutely continuous function. The mapping ~(x) de f 

(xl + U(Xl), x 2 , . . . ,  x~) is a 1-quasiconformal homeomorphism. The homeomor- 

phism ~ is not ACL. So Theorem 2.4 is not correct for the case p = 1. 

COROLLARY 2.5: Let p > 1. Then a p-quasiconformal (ap-quasiconformal) 

homeomorphism ~: C --~ G I belongs to W~,loc(G) 

Proof'. By Proposition 2.3, ~ is differentiable a.e., i.e. there is a measurable set 

E C G such that  IG-EI = 0 and ~ is differentiable in E. Let B(xo, r) C G be an 
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open ball, B1 = ENB(xo ,  r). For every point x C B1 we have Iv( i(x))l Iv(x) 
for i = 1, 2 , . . . ,  n. By the definitions and Proposition 2.2 

/B(~o,~> IV(~(X))IPdX = /B IV(~(x))IPdx 

<_ gp (qv) /_ qo~(x)dx <_ Kp (~)l~(B(xo,  ~))l < 00. 
1 

So ~ C W~,lo~(G ), because ~ is ACL. m 

2.3  METRIC PROPERTIES OF p-QUASICONFORMAL HOMEOMORPHISMS 

PROPOSITION 2.6: I f  p > n and ~ E QCp(G, G'), then 

l~(x) <_ [Kp Off)] 1 / (p -n)  

for M1 x E G. 

COROLLARY 2.7: I f  p > n and ~ E QCp(G,G' ) ,  then ~ is a locally Lipschitz 

homeomorphism. 

Proof of the proposition: Fix a point x E G and r > 0. By the definition of the 

p-quasiconformality there is r0 such that,  for all 0 < r < ro, 

l~(x, r) <_ [gv (V) + e]. ~ , (x ,  r) < [gp (~) + r r). 

So l~(x, r) ___ [g~ (~) + ~] i / ( . -~) .  
Letting r --* 0 and ~ --* 0 we obtain the desire result. | 

PROPOSITION 2.8: I f  p < n and ~: G ~ G ~ is a p-quasiconformal homeomor- 

phism, then for every measurable set B 

I~(B)------J > [Kp (qv)] n/(p-").  
IBI - 

Proo~ Fix a point x E G and ~ > 0. By the definition of a p-quasiconformal 

homeomorphism 

Hence 

[~'v] p/- < (z~(x))p < [Kp (~)]~'v. 

~'.(x) >_ [Kp (~p)]./(v-n). 

By Proposition 2.2 

(~)1,,/o,-,,> < [ IBl[/,:p 
Jm 

~'(x)dx <_ I~(B)I. m 
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PROPOSITION 2.9: I f  p < n and ~: G --* G' is a p-quasiconformal homeomor- 

phism, then l~(x) >_ [K v (~)]l/(p-,) . 

Proof: Fix a point x E G and e > 0. By the definition of a p-quasiconformal 

homeornorphism there is an ro such that, for all 0 < r < ro, 

IP(x, r) < [Kp (~) + r r) < [Kp (4) + e].l~(x,  r). 

So > m 

2 . 4  RELATIONSHIP BETWEEN CLASSES OF p-QUASICONFORMAL HOMEOMOR- 

PHISMS FOR DIFFERENT p 

THEOREM 2.10: I fp l  > p > n orpl  < p < n, then QCp(G,G') C QCvl(G,G' ). 

Proof: Let 4 E QCv(G,G'), p > 1, p # n. Fix x E G and ~ > 0. There 

exists an r0 such that, for all 0 < r < r0, we have: (1) By the definition of a 

p-quasiconformal homeomorphism 

lP (x, r) < [Kp (4) + r r). 

(2) By Proposition 2.6, for p > n 

l~(x,r) < [Kp(4) AI- ~]l/(p--n) 

or by Proposition 2.9, for p < n 

I~(x,r) >_ [Kp (~) + e] 1/(p-n). 

In either case the inequality 

I~ 1-p(x, r) < [Kp (4) + ~](P'-P)/(P-~) 

is valid. 

These two inequalities imply 

l~' (x, r) = IP (x, r)Im-P(x, r) < [Kp (4) + el(P'-n)/(P-")4v(X). 

So K m (4) -< [Kp (4)] (m-")/(p-") and ~ �9 QCp, (G, G'). | 

THEOREM 2.11: The set QC~(G, G') coincides with the set of all quasiconformal 

homeomorphisms QC(G, G'). 
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See [14] (section 22.3) or [12] . 

PROPOSITION 2.12: If~o �9 QC(G,G')M QCo~(G,G') then ~ �9 QCp(G,G') for 

a11p > n. 

Proof Let ~ � 9  QC(G,G')(1QCoo(G,G'). F ixapo in t  x � 9  G a n d e  > 0. By 

the definitions of quasiconformal homeomorphisms there is an r0 such that, for 

all 0 < r < ro, lv(x,r)  <_ goo(~) and 

l~(x, r) _< [K,~ (W) + e]~,(x, r). 

Forp  > n 

_ p - - n  n _ lP(x, r) < [goo(~) + e I l , (x ,  r) < [Koo(~) + e] p-n [g~ (~) + e]~v(x, r). 

So Kp (~) < Koo(~)P-"K,~ (~) and ~ E QCp(G, G'). I 

PROPOSITION 2.13: I f  ~ 6 Q C ( G , G ' ) a n d  ~-1 E QCoo(G,G' ), then 

6 QCp(G, G') for all p < n. 

Proof Let ~ 6 QC(G,G') and ~-1 6 QCcc(G,G'). F i x a p o i n t  x e G and 

> 0. By the definitions there is r0 such that, for all 0 < r < r0, l~(x, r) _< 

K~ (~).gv(x, r) and l~(x) >_ [Koo(~-l)] -1. From these two inequalities we obtain 

l (x,r) - 1  - 

_<[{goo(W-1)} -1 - e]P-"[g,  (~o) + el~v(x,r). 

So 9 6 QCp(G, G') for all p < n. i 

3. Change  of  variable opera to rs  for Sobolev spaces (weak version) 

In this section we present some new results about the change of variable 

operators for Sobolev spaces and establish some additional analytical properties 

of p-quasiconformal homeomorphisms. 

3.1 CHANGE OF VARIABLE THEOREMS FOR L1-SPACES (SUFFICIENT CONDI- 

TIONS). Let ~: G --* G' be a homeomorphism and 

Koo( ) d'd sup 
x6G' 
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Definition: If K ~  (~) < cr then a homeomorphism ~ is quas i l ipschi tz  (or 

cr and the quantity K~r is a quas i l ipschi tz  d i l a t a t i o n  of 

~. Let us denote the set of all the quasilipschitz homeomorphisms QC~ (G, G'). 

It turns out that the p-quasiconformal homeomorphisms induce change of vari- 

able operators for Sobolev spaces L~. The proof of this fact is presented in 

Theorem 3.1. 

THEOREM 3.1: Let 1 < p < cr A p-quasiconformal homeomorphism ~: G --+ G' 

induces the bounded operator ~*: Llv(G ') ~ Llv(G) . 

For i < p < oo we have II *ll = K~/p (~). For p = oo we have II *ll = (~). 

Proof  1. For p = n the theorem follows from Theorem 1.1. 

2. Let p > n and let u E L~(G') be a smooth function. The p-quasiconformal 

homeomorphism ~ is locally Lipschitz (Corollary 2.7). Hence u o ~ is locally 

Lipschitz also and V(u o ~)(x) exist almost everywhere. By the definition of a 

p-quasiconformal homeomorphism 

/G [~Tz(u ~ ~)(x)[Pdx <- /G [VYU(~(x) )[P " [l~(x)]'dx 

/o , 

< Kp (~p). ]Vyu(~(x) ) l '~ , (x )dx .  

By Proposition 2.3, ~ is differentiable a.e. 

(see, for example, Theorem 3.2.3 [1]) 

Hence 

e 

So ~ ( x )  = I ( x , ~ )  a.e. Therefore 

~V s IVyu( (x) )lP  (x)dx = f6 IVyu( (z))IPlI(x'  )ldx 

= fa, IV u(y)IPdB" 

or  

(2) II~* ul]l,p < K~/p (~)]lUlll,p �9 

Thus (2) is proved for u e Co~(G) n L~(G') .  Because the smooth functions are 

dense in the space L~(G') and the operator ~* is bounded on this dense set, 

we can extend the inequality (2) for all u q L~(G~). So the homeomorphism 

induces the bounded operator ~*. 
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3. Let 1 < p < n and let u E L~(G') be smooth. The p-quasiconformal 

homeomorphism ~ e W~,loc(G ) (Corollary 2.5). So u o qo is ACL and it has first 

partial derivatives a.e. 

Consider the outer measure #(A) ~ f  fA[l~,(x)]Pdx for every A C G. By 2.4.10 

[1] every (Lebesgue) measurable set is #-measurable and for every (Lebesgue) 

measurable function u 

(3) JAUd#= fAu(X)[l~(x)]Pdx. 

By the definition of p-quasiconformal homeomorphisms for every measurable set 

A c G  

(4) /.t(A) = [[l~o(x)]Pdx < K v (~) [ ~'(x)dx < K v (~ )  �9 I~ (A) l .  
JA JA 

For the outer measure 

the inequality (4) implies 

(8) 

From (3) we obtain 

(6) _< 

,##(#)(B) doj #(,,o-'(B)) < Kp (~')IBI. 

/ Iv~(u o ~)(x)l'dx 

Because u is smooth the function Vvu exists everywere in G'. The function 

Vvu(~(x))  is u-measurable. Hence by Theorem 2.4.18 [1] 

(71 Ivyu( r = 

Now inequality (5) implies 

(8) /a, ,Vyu(y)[Vd~#(#) <_ Kv(~) Ia, lVyu(y)l'dy. 

So from inequalities (6), (7) and (8) we obtain 

II,p" 
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The end of the proof is the same as for the case 2. 

4. Let p = co and ~ e QCoo(G, G')  . By the definition of quasilipschitz 

homeomorphisms supxeG l§ da goo (~) < ~ .  For every function u 6 L~(G) 

we obtain 

I1~* ullL~(e) d~j IlVx(u o ~)IIL~(G) 

_< IIV~(u(~(x) ) ) -  t~(x)IIL~(G) 

and 

Koo (~)IIV~(u)IIL~G, de_=f K~o (~)llullL~(G'l. ' 

Remarks: 1. For ap-quasiconformal homeomorphisms Theorem 2.4 is also 

correct. The proof is the same. 

2. The case p = 1 is exceptional. A 1-quasiconformal homeomorphism is not 

necessarily ACL (see Remark  1 to Theorem 2.4). If a homeomorphism does not 

possess the ACL-property it does not induce a change of variable operator for 

the corresponding Sobolev spaces. 

For p = 1, Theorem 3.1 is correct with an additional restriction that  ~ is a 

1-quasiconformal homeomorphism with the ACL-property. 

3.2 CHANGE OF VARIABLE THEOREMS FOR Wpl-SPACES (SUFFICIENT CONDI- 

TIONS). Let us recall the definition ofp-Poincar4 domains. Let G be a bounded 

domain. For an integrable function u on G the number uv is the average value 

of u, i.e. 

= IGI-1 Jv u dx. UG 

The p-Poincar4 constant 1 < p < co of G is given by the equality 

IL~ - UGlILy(G) 
~O(G) = sup 

The domain G is said to be a p - P o i n e a r ~  d o m a i n  if P (G)  is finite. One 

can find detailed information about  Poincar4 domains in the papers [6], [7], [10], 

and [13]. 

THEOREM 3.2: Let G be a p-Poincar4 domain, 1 < p < oo and let a homeomor- 

phism qo: G --+ G' be p-quasiconformal. Then for every function u 6 W~(G')  the 

following inequality 

II~*(u) - ~*(u)GIIw$(c,) <_ n" llullw$(G,) 
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is correct. Here the constant H depends only on the p-dilatation Kp (~) and the 

Poincarg constant 7)( G). 

Proof: By the Poincar4 inequality and Theorem 3.1 

II~*(u) - ~*(u)allw;(a) < P(G)ll~*(u)llz~,(a) 
< "P(G)Klv Ip (~o)lIuI[L~(a,) <_ P(G)K lIp (~o)lIuIIw~(G,). | 

Remark: The class ofp-Poincar4 domains includes the class of bounded domains 

with Lipschitz boundaries. 

THEOREM 3.3: Let 1 < p <_ n. A p-quasiconformal homeomorphism qo: G ~ G' 

induces the bounded operator ~o*: Wlp( G ') --* Wlp( G). 

Proof: By Proposition 2.8, there is a number C such that I~(A)] >_ CIA ] for 

each measurable set A and ~'(x) >_ C a.e. Hence 

[]u o ~OllL,(~ ) = ]u o ~olP(x)dx 

1 / c  , 1 s  1 

So the statement of the theorem follows from Theorem 3.2. | 

3.3  WEAKLY R-QUASICONFORMAL HOMEOMORPHISMS. For technical rea- 

sons we need to introduce new classes of homeomorphisms. 

Let ~: G -* G' be a homeomorphism and let ~ 6 W~,~o~(G). Define 

i v ( x )  = m a x    IVV,(x)I. 
a = ( ~ l  , a 2 , . . , a . ) ,  [ a [ = l  i 

The quantity 
! 

K~ (x, ~) de2 inf{Civ(x ) <_ C~v(x)} 

i 
is a weak p-dilatation of the homeomorphism ~ at x. If iv(x ) > 0 and ~v(x) = 0, 

then K~ (x, ~) = c~. The weak p-dilatation K~ (x, ~) exists a.e. because iv(x ) 

and the volume derivative ~v~(x) exist a.e. For differentiable mappings ~ ( x )  = 

I det I(x, ~)l- 

If 7~ 6 Wl, loc(G) and 

l ( x , ~ ) l  L ~ ( c )  < ~ ,  K~ (~o) = I gv 
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then the homeomorphism ~: G ~ G'is a weak ly  p - q u a s i c o n f o r m a l  and the 

quantity K~ (qa) is a weak  p -d i l a t a t i on  of the homeomorphism ~. 

For p > 1 an ap-quasiconformal homeomorphism is a weakly p-quasiconformal 

(Corollary 2.5 and the definition of ap-quasiconformality). As it will be seen 

later, i fp  > n -  1 then the classes of the ap-quasiconformal homeomorphisms and 

the weakly p-quasiconformal homeomorphisms coincide (Theorem 4.10). For p < 

n -  1 the classes are different. In Section 4, Example 5 we demonstrate an example 

of a weakly p-quasiconformal which is not an ap-quasiconformal homeomorphism. 

The following theorem is in fact a version of Theorem 3.1. 

THEOREM 3.4: Let 1 < p < oo. A weakly p-quasiconformaI homeomorphism 

~: G --* G' induces the bounded operator ~*: Lip(G) --* L~(G'). 

The proof is almost the same as the proof of Theorem 3.1 . Instead of lv(~) it 

is necessary to use l~(x) in the proof of Theorem 3.1. I 

3.4 CHANGE OF VARIABLE THEOREMS (WEAK NECESSARY CONDITIONS). 

Let ~: G --* G ~ be a continuous mapping. Fix some domain ~2 C R k. Suppose 

that {K~}~e~ is a family of compact sets such that  Ky n Ky 1 = ~ if Yl ~ y and 

g~ C G' for all y E f~. 

LEMMA 3.5: [ ~ - l ( g y ) [  ---- 0 [or all y E f ]  except possibly a countable subset of 

Proof." Let A8 = {y E ~: ]~-l(Ky)[  > l / s } ,  s = 1 , 2 , . . . .  It is obvious that  

every set A~ is at most a countable set. So A = {y E f ] :  [~- l (Ky)[  > 0} is at 

most countable too. 

Now we turn to the investigation of the necessary analytic conditions for the 

change of variable problem. The first step in this direction is the following: 

THEOREM 3.6: I f  a homeomorphism ~: G --~ G ~ induces the bounded operator 
1 ~*: L~(G') --, LI(C)  for p > 1, then ~ E W;,loc(C ) and there is a number Qv(~) 

such that 

IV~,(x)l p < QA~)~'o(x) 

for almost all x E G and for all i = 1, 2 , . . . ,  n. 

Proof'. The proof is based on construction of a function r whose graph is of 

a "saw-type" with adjacent orthogonally meeting segments. The action of ~* 
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on this particular function defines the differentiable properties of the homeomor- 

phism ~. 

By Proposition 2.2, ~ ' (x)  < c~ a.e. Fix x0 E G such that ~o'~(Xo) < c~. Let 

e > 0, k > 1 be arbitrary. There exists an ro such that, for all 0 < r _< ro, 

(9) I~(B(xo, kr)) I <_ (~'~(x) + e)lB(xo, kr)[ <_ (~'~(x) + e)knIB(xo, r)l . 

Let M = ( ~ ( x )  +e)k n. Let us call a cube Q h-regular  if all its edges are parallel 

to the corresponding coordinate axes, the length of the edge is h and every vertex 

b has the form klh, k2h, . . . ,  knh where kl, k2 . . . .  , kn are integers. If Q1 and Q2 

are h-regular cubes Q1 r Q2, then Int Q1 n Int Q2 = 0. Fix r < ro and choose 

h > 0 such that 

1 
h < 2--~-~dist(~(S(xo, kr)), ~(S(xo, r))). 

Let Q be the union of all h-regular cubes Q~ such that Q~ N ~(B(xo, r)) r 0. It 

is evident that 

~(B(xo, r)) C Q c ~(B(xo, kr)). 

Fix the axis xj. Let us denote the hyperplanes xj = t h by Lt. The hyperplanes 

Lm (m is an integer) divide R n into the layers 

f m + l ' [  
Zm = ~(x E Rnl mh < xj < - - V - J  

Let Qm = Q n Z m .  

For every Qm we construct three functions: r = Xj - -mh,  r = 
n--1 is (m + 1)h - xj, r = �89 - dist(Pj(x),Pj(Qm)). Here Pj: R " --* Rj 

the orthogonal projection of R n onto R~ -1. Consider the following functions 

Cm = max{0,min{r r r r = ~ , ~  era, and E = {x E G[ ~b(x) is 

not differentiable at the point x}. It follows from the definition of r that  it has 

the following properties: 

(1) Supp(r C ~(B(xo, kr)); 

(2) r E W~(G) for all 1 _ p < c~; 

(3) r is differentiable almost everywhere; 

(4) [Vr = 1 for all points x e ~(B(xo,r)) \ E; 

(5) [Vr _< 1 almost everywhere; 

(6) r -- 7=xj + const into all components of the set ~(B(xo, r))\E. 
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The set E N ~o(B(xo, r)) belongs to a finite union of hyperplanes 

Ltl,Lt2,...,Lts, where 2ti is an integer. By Lemma 3.5 for almost all small 

translations ru parallel to the axis xj 

(p-l(Ty(EN~(B(xo,r)))) I -~0. 

So we can assume that  

(7) I~o-l(E n ~o(B(xo, r)))  I = 0 .  

By the assumption of the theorem, ~o* (r = r o ~o E L~(G) . By the properties 

6 and 7 of the function r we have ~o*(r = T~j(x) + const for almost all 

x E B(Xo, r). Therefore 

{ J~lB(xo,r)l lV(~J(X))lPdx} I/p 
( io)  

<: { /GIV(r lip 

I r162 

Since ~o* is bounded and Supp(r C ~o(B(xo, kr)) 

* /B IVr Iv  llL~(a,) _< I r 1 6 2  L',(S(~o,k~)) -< I r  { (~o,k~) 

By the property 4 of the function r IV~] < 1 a.e. Hence 

(11) /B IVO(x)lPdx <- ]~(B(xo, kr))]. 
(xo,k~) 

From (10)-(11) it follows that 

. IV~j(x)l~dx - I~'1 Pl~(B(xo, kr))l. 
(~o ,~) 

By (9) 

Z (~o,r) IV~~ <- MI~~176 r))]. 

Hence 

lim sup 1 /B IV~~ < MIt r  p 
~-~o IB(xo, r)l (~o,~) 

By the Lebesgue theorem and (9) 

IV~j(xo)l p -< I ~*t P(r + ~)k n. 

Letting at first e ~ 0, then k --* 1 we obtain 

IV~os(xo)l ~ - I r  ~o'~(x) 

for almost all Xo. II 
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Remark: By Theorem 3.1 and Theorem 3.6, a p-quasiconformal homeomor- 

phism is a weakly p-quasiconformal for p > 1. 

3.5 CONCLUSIONS. All previous results allow us to obtain an analytical 

solution of the change of variable problem and some new results useful for the 

geometric solution. The latter will be presented in Section 4. Theorems 3.7-3.10 

summarize the previous results. 

PROPOSITION 3.7: A weakly p-quasiconformal homeomorphism belongs to the 

space 

Proof." By Proposition 2,2, for every open ball B(x, r) 

<_ g 1 (~)l~(B(x,r))[ <_ c~. | 

Theorem 3.2 and Theorem 3.6 imply the following results. 

THEOREM 3.8: Let 1 <_ p <_ oo. A homeomorphism ~: G --* G ~ induces 

the bounded operator ~*: L~(G') -~ L~(C) iff ~ is a weakly p-qu~iconformal 

homeomorphism. 

Now we are able to realize the following fact which is important for applications. 

Namely, if a homeomorphism induces a change of variable operator in a domain, 

then it induces a change of variable operator in all subdomaius. 

THEOREM 3.9 (Localization Principle): Let G, G ~ be domains in R '~ and V C G 

be a subdomain of the domain G. I f  a homeomorphism qo: G --* G ~ induces the 

bounded operator ~*: L~(G') -~ Llv(G), then qolV induces the bounded operator 

(~[Y)*: L~(~(V)) ~ LI (V) .  

The next theorem establishes the fact that weakly p-quasiconformal 

homeomorphisms form a semigroup. 

THEOREM 3.10: Let G, G ' ,G"  be domains in R n. If~:  G --* G' and r G' 

G" are weakly p-quasiconformal homeomorphisms, then the homeomorphism 

r o qo is a weakly p-quasiconformal homeomorphism. 

Proof By Theorem 3.8, the homeomorphisms ~, r induce the bounded op- 

erators ~*: L~(G') -* LI(G) and r LI(G ") ~ L~(G'). The composition 

~* o r = (r o ~)* is a bounded operator from L~(G") to L~(G). By Theorem 
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3.8 the homeomorphism r o ~ is a weakly p-quasiconformal homeomorphism. 
| 

4. Addi t ional  p roper t ies  of  p-quasiconformal homeomorph i sms  and 

s t rong versions of the  change of variable t h e o r e m  

In this section we prove the coincidence of the class of weakly p-quasiconformal 

homeomorphisms with the class of p-quasiconformal homeomorphisms for p _> n 

and the coincidence of the class of weakly p-quasiconformal homeomorphisms 

the class of ap-quasiconformal homeomorphisms for p > n - 1. At the end 

we prove the change of variable theorem for p > n - 1 (Theorems 1.2 and 1.3 

from Introduction) and give some applications of the p-quasiconformality for the 

embedding theorems. 

4.1 CAPACITY. Let F0, F1 be closed subsets of the domain G such that 

F0 n F1 = ~. We define a continuous function u E L~(G) to be p-admissible for 

the p a i r F 0 , F l i f  u - - -0onF0 ,  u = l o n F 1  a n d 0 < u ( x ) < l  for a l l x E G .  

The quantity 

Capp(F0, El, G) = inf I u I ~(G) 

is the capacity of the pair F0, F1 in the space L~(G) (so called p-capacity). Here 

u is an admissible function. 

If admissible functions for a pair (Fo, F1) do not exist, then Capp(Fo, F1, G) = 

OO. 

PROPOSITION 4.1: H a  homeomorphism ~: G --* G I induces the bounded oper- 

ator ~*: L~(G') ~ L~(G), then 

Capp (F0, F1, V) _< I ~*1 PCapp (~(F0), ~(F1), G') 

for every pair of dosed sets Fo, F1 c G. 

The proof is evident. 

COROLLARY 4.2: H a  homeomorphism ~: G ~ G ~ is p-quasicon[ormal, then 

Capp (F0, F1, V) _< Kp (~o)Capp (~(F0), ~(F1), V'). 
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Proof." By Theorem 3.1, ~o induces the bounded operator ~*: L~(G') --* LI (G)  

and [ ~*[ P _< K v (~o)(K~ (~)). | 

Similarly, one can prove the proposition when a p-quasiconformal homeomor- 

phism is replaced by a weakly p-quasiconformal one. 

The following fact will be used in the proof of Theorem 4.4 and it is known 

([4] Proposition 6.8). 

PROPOSITION 4.3: Let B(xo, r) be an open ball, a,  b E B(xo, r), p > n. Then 

Capp({a}, {b}, B(xo, r) ) >_ a2(n,p)[a - b[ n-p 

where a2(n,p)  depends only on the numbers n and p. 

THEOREM 4.4: Let p >_ n. A weakly p-quasiconformal homeomorphism 

~: G --* G ~ is p-quasiconformal. 

ProoI~ Let a ball B(xo, r) be such that B(xo, 2r) C G, 

L =  sup [~(Xo)-~o(z)[ 
zES(xo,r) 

and a point zo be such that L = ]~O(Xo) - ~(zo)[. Without loss of generality we 

can suppose that ~O(xo) = 0 and ~V(zo) = (L, 0 , . . . , 0 ) .  Consider the function 

u(y) = y l / L  for y = (Yl,Y2,...Yn) E G'. The function u is p-admissible for the 

pair {qO(xo)}, {qa(zo)}. 

Let p > n. By the Localization Principle (Theorem 3.9) the homeomor- 

phism ~: B(xo , r  + ~) -* ~(B(xo,  r + ~)) induces the bounded operator qo*: 

L~(qo(B(xo, r + r --~ L~(B(xo, r + r Hence Proposition 4.2 and Proposi- 

tion 4.3 imply 

a2(n,p)  �9 r "~-p <_ Capp({Xo)}, {Zo}, B(xo, r + e)) 

_< [[~*[[PCapp({~(Xo)}, {~(z0)}, ~( B(xo, r + s) ) 

< ll~*ll p f~ iV(u(y))lVdy = ii~.ll p I ~ ( B ( x o ,  r + r  
- ( B ( x o , r + ~ ) )  LP 

Letting r ~ 0 we obtain 

l , (x ,  r)p < K~(V) 

I~,(x,r)[  gtna2(n,p)" 

So the homeomorphism ~ is p-quasiconformal. The proof for the case p = n (for 

quasiconformal homeomorphisms) is given in [14]. | 
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Theorems 3.8 and 4.4 imply Theorem 1.2 from the Introduction, which we may 

reformulate now in the new language as follows: 

THEOREM 1.2: Let n <_ p <_ 0o. A homeomorphism ~: G --* G' induces the 

bounded operator ~*: LI(G ') --* L~(G) iff ~ is a p-quasiconformal homeo- 

morphism. 

The next theorem establishes the fact that  for p _> n, p-quasiconformal 

homeomorphisms form a semigroup. 

THEOREM 4.5: Let G, G' ,  G" be domains in R ~ and let n < p < c~. I f  

E QCp(G,G')  and r E QCp(G' ,G ' ) ,  then the homeomorphism r o ~ E 

QCp(C, a" ) .  

Proof'. By Theorem 3.1 the homeomorphisms ~, r induce the bounded operators 

~*: L~(G') ~ L~(G) and r L~(G") --* L~(G') .  The composition ~* o r = 

(r o ~)* is a bounded operator from L~(G") to Lip(G). By Theorem 4.5 the 

homeomorphism r o ~ is a p-quasiconformal homeomorphism. | 

Example 3: A p-quasiconformal homeomorphism ~ with the inverse homeo- 

morphism ~-1 which does not have the Hblder property. 
n 

Let ~ = ( a l , a 2 , . . . , a n )  and a = )-~1 ai  with 0 < a l  _< a2 _< . . .  _< an. 

Consider the mapping ~: B(0, 1) -~ R n , 

~(x) = (Xl" e -~ x ~ - e - ~  xn" e-O./,~l). 

The homeomorphism is p-quasiconformal for p >_ a / a l .  The inverse homeo- 

morphism does not have the Hblder property. 

Remark: By Corollary 2.7, a p-quasiconformal homeomorphism is locally Lip- 

schitz for p > n. By Example 3, for every p > n there exists a p-quasiconformal 

homeomorphism ~ such that the inverse homeomorphism does not have the 

Hblder property. So the semigroup QCp(G) is not a group for p r n. 

PROPOSITION 4.6: Let p > n -  1, let G be a domain in R n and let B(x ,  2R) C G 

be a ball. I f  two continuums Fo, F1 connect the spheres S(x,  R) and S(x,  2R), 

then Capp(Fo, F1, G) _> aS(n) �9 R n-p. 

See, for example, [4], Proposition 6.7 for n = 2. The proof for the case p = n 

is the same. However, the proposition follows from [10], section 9.1.2. 
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PROPOSITION 4.7: Let p > n -  1, let a dosed ball clB(x,2R) C G and 
~: G ~ G' be a weakly p-quasicon[ormal homeomorphism. Then there is a 

number Q(n, K~ (~)) such that 

sup,es(=,R ) [~O(X)- ~(z)[ p 
�9 R n-p <_ Q(n, K~ (~)). 

Iv(B(=, 2R)I 
Proo~ Let L -- supyes(=,R ) [~(x) - ~(y)[ and y be such that L = I~(=) - y[. 

We can suppose that ~(x) = (0 ,0 , . . . ,0 )  and ~ = ( t0 , . . . ,0) .  Suppose that 

Yl = (tl, 0 , . . . ,  0) is such that: (1) ~'T �9 ~o(S(x, 2r), (2) the segment Fo = [y, Y-T] 

connects ~o(S(x, R)) and ~o(S(x, 2R)). Consider the function u: R ~ R such 

that: u(t) = t / L  for 0 < t < to; u(t) = 0 for t < 0; and u(t) = 1 for t > to. The 

function v(y) = u(yl) for y = (Yl,Y2,... ,Yn) is a Lipschitz function. Let F1 = 

{~o(cl(B(=, 2R) \ ~(B(X, R)} N {G'\Int(Supp v)}. The function v is admissible 

for the pair Fo, F1. From the definition of the p-capacity and the inequality 

[Vv[ < l /L,  it follows that 

V p Capp(Fo, F1, ~(B(x, 2R)) < II IIL~'(~(B(=,2R)) 

[ iVv(y)lPdy < I~(B(=, 2R)[ 
Js upp (v)n~(B(z,2R)) - -  L P  

By the Localization Principle and Proposition 4.1 

K~ (~)Capp(F0, F1, qo(B(x, 2R)) _> Capp(qo-1 (F0), ~-1(F1),  B(x, 2R)). 

The continuums ~o-l(Fo), qo-l(F1) connect the spheres S(x, R), S(x , ,  2R). By 

Proposition 4.6 

Capp(~o-l(Fo),~o-'(F1),B(x, 2R)) > a2(n)�9 R'~-p. 

Therefore 
K~ (~o)[~(B(x, 2R)I > ~2(n).  Rn_p. I 

Lp 

Remark: The proposition is correct for a ball B(x, qr) if q > 1. The proof is 

the same. Of course, the constant Q(n, K~ (~o)) depends on the choice of the 

number q. 

Proposition 4.7 implies the following result: 

THEOREM 4.8: Let p > n - 1. A weakly p-quasiconformal homeomorphism 

~o: G --* G' is ap-quasiconformal. 
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From this theorem and Theorems 3.2 we obtain  Theorem 1.3 from Introduct ion.  

THEOREM 4.9: Let  G, G ' , G "  be domains in R n and n - 1 < p < n. f f  

~: G --* G'  and r  G '  -* G" are ap-quasicon[ormal homeomorphisms,  then 

the homeomorphism r o ~ is an ap-quasicon[ormal homeomorphism.  

Proof: By Theorem 1.2 the homeomorphisms ~, r induce the bounded  operators  

~*: Llv(G ') --* L I ( G )  and r  Llp(G ") --* L~(G' ) .  The composi t ion ~* o r = 

( r  o ~)* is a bounded  operator  from Llp(G ") to Lip(G). By Theorem 4.11, the 

homeomorphism r o ~ is an ap-quasiconformal homeomorphism.  | 

Example  4: A p-quasiconformal homeomorphism tha t  does not have the Hblder 

proper ty  (p < n). 

Consider the mapping  ~v: B(0, 1) --~ B(0, 1),  

~ ( x )  = x .  

For a point  x # 0, 

det J (x ,  ~) = Ix[ - = -  ] log([x[)p +1 

Ix1-1 
log(e/[x D" 

and lv (x)  = IX[ - l ' l O g - l ( e / [ x D  . 

Hence for 1 _< p < n and x # 0, 

l~(zF 
Kp (x, ~) - ,v(x) = Ix[ n -v  . [log([x[)l p-n+1. 

So the homeomorphism ~o[B (0, 1) \ {0} is a p-quasiconformal homeomorphism for 

all p < n. For the zero point 

diam(~(B(0, r)))" 
Kp (x,  ~) = lira sup �9 r n -p  

~-~0 [~o(B(0, r))[  

= a -x l imsup  [ log(r)l n - v .  r n -v  = 0. 
r--*0 

Example  5: A weakly p-quasiconformal homeomorphism tha t  is not  ap-quasi- 

conformal,  p < n - 1. 
- z.2V/2 Fix a number  q > 1. Let e > 0 and p = ( ~ i = 2  - , ,  �9 Consider functions 

a(t) = at -~/('~-1), s( t)  = t, and 

(12) k(t)  = [aV(t) �9 t (p-1)(1-e) �9 s ( t ) l - v ]  1/("-p) 
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where t c (0, 1). Pick a sequence of numbers tin, m = 1, 2 , . . .  with the following 

properties:  0 < t l  < 1; 2t~q~lk(t,~+l ) = t,~k(tm). Note tha t  tm --* 0 and 

k(tm) = qpl(,~-v) . tme(nP--n+l)/(n--1)(n--V) __+ O0 

when m ~ oo. 

Divide the ball B(0,  t~ -e)  into the parts  Di,,~, i = 1, 2, 3, 4, m = 1, 2 , . . .  in the 

following manner:  

D,~ = {x[ t m +  a(tm)p <_ Xl <_ t 1-~ - a(tm)p}, 

{ : t in  - 2~(tm) I 
Dl,m = x l t m + a ( t , ~ ) p < _ x l < _ t m + s ( t m ) + p ' a ( t m ) t l - E t l _ e - - _ - t -  ~ j ,  

D2,m = Dr, \ Dl,m, D3,m = {x[ t m <  Ix[ < t~  -E} \ Din, 

D4,m {X I 1-~ tin}. = tm+l  < Ixl ___ 

Define the homeomorphism ~: B(0,  t~ -~) -* R n as follows: 

1. ~ ( 0 )  = 0; 

2. 

qo(x) = (tin +a(tm)O+ l ( x l - t m - a ( t m ) p ) ( t l - ~ - t m )  . . . , x n )  "k(tm) 
8(tin ) 'X2'X3' 

for x �9 Dl,m; 

3. 

~(X) = (tl-~--a(t,~)p 
l { t l -e  ~,~ - a ( t m ) p -  Xl)( t~  -~ - tm) 

( t ~  - ~  - t , .  - ~ ( t m ) )  
, x2, x 3 , . . . ,  x , , )  �9 k ( tm)  

for x 6 D2,m; 

4. ~(x) = k(tm)x for x �9 Da,m; 

5. 
tm+l)tm" k(tm) ~o(x) = (tlm--~lk(tm+l) + l(Ixl - 1-~ 

(tin 1-~ x 
- -  t i n + l )  ) �9 ] '~ 

for x �9 D4,m. 

Note tha t  the point (tin + S(tm),O,.. . ,O) �9 Dl,m maps to the point  

(k(tm)(tm+tl-~)/2,  0 , . . .  '0) .  It  is not  difficult to see tha t  ~ is a homeomorphism.  

Let  us prove tha t  ~o is a weakly p-quasieonformal homeomorphism.  

For x �9 Dl,m 

det J(x,  ~) ~- t~ -~.  s(tm) - 1 .  k(tm) '~ 
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and 

Hence 
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l ~ ( x )  ~- a ( t ,~ )  . tl,~ ~ . s ( t m )  - 1 .  k ( t m ) .  

l~(x)P ~- a ( t m )  p . t (1-~)(p-1) �9 s ( t ,~)  1-p  . k ( t m )  p - n  = 1. 
~'v(x) m 

57 

So 
l~(O, t m +  s(tm)) p ~ t~P~k(tm)p_ n = q_Pt~p_n+l)/(~_l) 

~ ( o , q ( t ~  + s ( t~ ) )  -* ~ 

when tm ~ 0. 

Example  6: An ap-quasiconformal homeomorphism tha t  is not  p-quasi- 

conformal,  p < n. 

Let a(t) = 1, s(t) = t ~+~/(n-~). Define the homeomorphism ~a in the same way 

as in Example  5. 

Here we have 

(13) k(tm) = t~n ne(p-1)/(n-1)(n-p). 

~v(0, q(tm + s( tm)))  _< 
- - i  n--I 1--~ ((tin + s(tm)) n + (a(tm) qs(tm)) tm " kn(tm) 

(tin + s ( t m ) )  ~ 

~= k(tm)n. 

For x �9 D2,m, det J (x ,  ~) ~- k(tm)" and l~(x) ~- a( tm)k(tm).  Hence 

I~(x)P ~ a(tm) p " k(tm) p-n -- t~,(P-1)sp-l(tm) ~ 0 
~'v(X) 

when tm ---* 0. 

In the set D3 .... the homeomorphism ~ is a homothet ic  t ransformat ion with 

the coefficient k(tm) > 1. Hence ~ is a p-quasiconformal homeomorphism for all 

p < n .  

For x �9 D4,m, det J(x ,  ~) ~ k ( tm) ,  k(tm+l) n-1 and l~(x) ~- k(tm+l).  Hence 

l~(x)P ~ k(tm) - 1 .  k(t,n+l) p-'~+I < 1 
~'v(X) 

because p < n - 1. 

Let us prove tha t  the homeomorphisnl  ~a is not  an ap-quasiconformal 

homeomorphism at x -- 0. We have 

1 
l~(O, t m +  s(tm)) = ~(tm + t ~ e ) k ( t m ) / t m  

and 
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By the calculation of Example 5 the homeomorphism ~ is p-quasiconformal in 

domains Dl,m, D2,m, D3,m for all p < n. We must prove that  the expression 

k(tm) -1 �9 k( t~+l)  p-~+I is bounded in Da,m. From (13) it follows that: 

n~p__ll) (1 - e(n-1) ) 
k( tm)- I  . k(tm+l)P-n+l <_ 2tin+ 1 (~-p)(.-1)-~,(p-1) 

So for sufficiently small e the homeomorphism ~ is p-quasiconformal in D4,m. 

At 0, 

l~(O, tm "4- S(tm)) "~ tm~ " k(tm) 

and 

~v(0, tm + s(tm)) u k(tm) n 

So 
l~(O, t m +  S(tm)) p ~ t~PSk(tm)p_ n t "'e~-;,m 
~ ( o ,  t m +  ~(tm)) = --" ~ 

when tm ~ O. So the homeomorphism ~ is not p-quasiconformal. At the same 

time, for q > 1, we have ~ ( 0 ,  q(tm + s(tm)) ~- kn(tm)tm L Hence 

l~(O, t m +  s(tm)) v ~_ t~_P)~kp_n(tm ) = t~P_X)/(n_l) ~ O. 
~v(O, q(tm + s(tm)) 

4.2 EMBEDDING THEOREM. The following example will be useful to illus- 

t rate the Embedding Theorem (Theorem 4.10). 

n Example 7: Let ~ = ( a l , a 2 , . . . , a n )  and a = ~-~lai with a l  _> a2 _> " .  _> 

an = 1. Consider the d o m a i n K s  = { x E  R n : 0  < x n  < 1 ;0  < xi < x~ ~} for 

i = 1 , 2 , . . . n -  1. Let us denote by K1 the domain K s  for (~ = ( 1 , 1 , . . . , 1 ) .  Let 

a > 0. The homeomorphism ~a: K1 --* K s ,  

a . s l - -1  a.s2--1 a'Sn--1 ~o(x)  = ( x l .  x~ x : .  Xn , . . . , X n "  Xn = X~) 

has det I(x,  ~a) = x~ "s-n and l~,(x) < const,  x~ -1. Hence the homeomorphism 

~a is p-quasiconformal for all p such that  p(a - 1) _> a �9 a - n. If a > 1, then 

p >_ ( a a - n ) / ( a - 1 )  _> a >_ n. I f a  < 1 and a _< ( n - 1 ) / ( a - 1 ) ,  then 

1 < p < (n - Ha)/(1 - a). So for p E [a, cr U [1, n) there is a p-quasiconformal 

homeomorphism. 

Remark: There exists a quasiisometrical homeomorphism from a ball B(0, r) to 

K1. So, in Example 7, we can replace the set KI  by a ball. 
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THEOREM 4.10: Let G be a domain in R n. / f  there exists a p-quasiconformal 

homeomorphism ~: B(O, 1) --* G for some p > n, then W~(G) C C(G) and 

there is a constant Q such that [ u[ c(a) <- Q" [ u[ w~(a) for al1 the functions 

u 6 WI(G) .  The constant Q is independent of  the function u. 

Proof" Fix a function u 6 W~(G) .  By Theorem 4.5, ~*(u) 6 LI(B(O, 1)). 

Hence ~*(u) 6 W~(B(O, 1)). By the classical embedding theorem, u o ~ def 

~*(u) 6 C(B(O, 1)). So u 6 C(G). The first part  of the theorem is proved. 

We will use the notation osc(u) def u(x) inf~ev u(x). By Theorem = supxEG 

4.5 

I1~'* (u)IIL~(B(O,1)) < I1~*11. II,-,llL,(c)). 
Hence 

IMIo(G)  = I1~* (u)llc(B(0,,)) < osc (u) + i~ f  u(x). 

By the Sobolev inequality there is a constant Ql(n)  such that  

osc (u) _< Ql (n) " I[~p * (u)llL~(B(O,1)) . 

From these three inequalities we obtain 

IlulIC(G) < Ql(n)"  II~*ll . llullL~(a)) + inf u(x) 
- -  x 6 G  

< Q l ( n ) .  I1~*11 �9 IlulE~,(c)) + IGI-111~IIL~(C). . 

Remark: By Example 7, for G = K~ the theorem is correct for all p __ a. For 

n _< p < a there are unbounded functions in the space W~(K~) .  For example, 

the function u(x) = x~,  1 - a lp  < f < 0 belongs to the space WI(B(O,  1)). 

Indeed 

L ]V(u(x))lPdx = I~l p f .  xPn'(~-l)dx 
v~ 

= [fll p xPn'(fl-1)+a-ldxn < oo. 

From the theorem and the remark it follows that  a p-quasiconformal homeo- 

morphism from a ball B(x,  r) to the domain K~ does not exist for n < p < a.  
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