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ABSTRACT

Let G,G’ be domains in R*. We obtain a geometrical description of
the class of all homeomorphisms ¢ : G — G’ that induce bounded oper-
ators ¢* from the seminormed Sobolev space L:,(G' ) to L:,(G) by the
rule ¢* u = u o ¢. For p-Poincare domains the same classes of homeo-
morphisms induce bounded operators for classical Sobolev spaces WI}.
These classes of homeomorphisms are natural generalizations of the class
of quasiconformal homeomorphisms that correspond to the case p = n.
We demonstrate some applications of our results for embedding theorems
in domains with Hélder singularities.
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1. Introduction

Let G be a domain in R". A function w: G — R belongs to the space L1(G)
if u is weakly differentiable and [{Vul|y,(q) < 0o. The linear space L1(G) is a
seminormed space with the seminorm

def
el = IVullL,@)-

A function w: G — R belongs to the space W (G) if u € Lp(G) NL(G). The
linear space Wpl(G) is a Banach space with the norm

def 1/2
lullwye) = {llulll, @ + ulliye )
We will also use the short notation [|ul|1,p instead of ||ul| 11 (c) and ||ul|(1,p) instead

of |{ullwz(c)-
Let G and G’ be two domains in R".

Problem: Change of variable problem for Sobolev spaces. Describe the set of
all homeomorphisms ¢: G — G’ that induce bounded operators ¢*: L;,(G’ ) —
LYG) (¢*: WHG) - W,(G)) .

We use the notation ¢*(u) =uop.

The problem was studied in the papers [16], [17], and |5] for invertible operators
* . The following result was established:

THEOREM 1.1: * Let G and G’ be two domains in R™ and let p: G — G’ be a
measurable mapping. Suppose that the mapping ¢ induces a bounded operator
¢*: LY(G') — Ly(G) such that the operator (¢*)™! is also bounded. Then:

(1) For p = n, the mapping ¢: G — R™ is a quasiconformal homeomorphism.

(2) For p > n—1,p # n, the mapping ¢: G — R™ is a quasiisometrical

homeomorphism.**

The inverse theorem is much simpler to establish. A quasiconformal homeo-
morphism ¢: G — G’ induces a bounded invertible operator ¢* for p = n (see,
for example, [12]). A quasiisometrical homeomorphism ¢ induces a bounded
operator for all p (see, for example, (4], [19]).

* We formulate a simple form of a more general result. The general form is to be
found in [4] (chapter 4).
** For p < m — 1 the result is true if the mapping ¢ is continuous. We could not
prove these results for measurable mappings. The definition of guasiisometrical
homeomorphisms can be found in Section 2.
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Notation: As usually B(x,r) is an open ball with center x and radius 7, B, 4ef
B(0,7), S{z,r) is a sphere with center z and radius r. If A C R" is an arbitrary
set, then @A is the boundary of A, | A | is the outer Lebesgue measure of A, cl A
is the closure of A and Int A is the interior of A.

et | o(Blz,r) |
_ | e(B(z,r
oD = |

We use the following quantities:

The volume derivative cp;(x) of the homeomorphism ¢ at the point z

u(x) = lim gy (,7),
the local Lipschitz constant of a homeomorphism ¢ in the ball B{z,r)
lo(z,r) = sup lo(y) — ()|
yES(z,r) !Z/ - Il

and the local Lipschitz constant of a homeomorphism ¢ at the point z

lo(x) = limsupl,(z,r).

r—0

If the mapping ¢ is differentiable at a point x, then I, () = | o (z)] .

The following result for the change of variable problem is typical for this paper:

THEOREM 1.2 (Change of variable theorem for p > n): Let n < p < 00. A
homeomorphism p: G — G’ induces the bounded operator ¢*: L1(G') — L1(G)

iff for every point x € G

i&(z,r)
1 lim sup £

( ) r—»Optpv(xaT)

where the constant K does not depend on .

For p = n, the inequality (1) is equivalent to the classical definitions of quasi-
conformal homeomorphisms (see, for example, [14] or [12}). We use inequality (1)
to define new classes of homeomorphisms (p-quasiconformal homeomorphisms).

Let 1 < p < 0. A homeomorphism ¢: G — G’ is called a p-quasiconformal

homeomorphism at z if

©B(x,r
lim sup A
r—0 ‘Pv(xar)
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and the quantity

2(x,r)
K, (z,¢) = limsup -2
r ( (p) r—-;()p (pv(x, 'r)

is a p-dilatation of ¢ at z or, in short, the p-dilatation at z.
If

K, () = sup K, (z,¢) < 00,
z€G

then the homeomorphism ¢ is p-quasiconformal and K, (¢) is a p-dilatation
of ¢. For p = n, the class of p-quasiconformal homeomorphisms coincides with
the class of quasiconformal homeomorphisms (see, for example, [14], [12]). The
definition of p-quasiconformal homeomorphism for p = n is similar to one of the
classical metrical definition of quasiconformal mappings [3].

Let us denote the set of all p-quasiconformal homeomorphisms ¢: G — G’
by QC,(G,G"). If G = G’ we will use the notation QC,(G). By Theorem 1.2
a homeomorphism ¢ induces a change of variable operator between the spaces
LY(G) and LY(G') (p 2 n) iff ¢ € QC,(G, G").

For p < n the condition (1) of Theorem 1.2 is not necessary. Therefore
we introduce some new classes of homeomorphisms (almost p-quasiconformal
homeomorphisms). These classes give us necessary and sufficient conditions for
n—1<p<n.

Let ¢ > 1. The quantity
P

@p.g (2, ) = lim sup ;lf%
is a (g,p)-dilatation of the homeomorphism ¢ at « or, in short, the (g,p)-
dilatation at z. If ¢ = 1 the definition is equivalent to the definition of p-
quasiconformality. The quantity

def
Qp,q (0) = sup Qp,q (2,0)
xre

is a (g, p)-dilatation of the homeomorphism .
If there exists ¢ > 1 such that

Qpq(p) = sup Qp,q (T,9) < 00,

then homeomorphism ¢: G — G is ap-quasiconformal (almost p-quasi-
conformal). Let us denote the set of all ap-quasiconformal homeomorphisms
G - G’ by QC,,(G,G"). If G = G’ we will use the notation QC,,(G).
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THEOREM 1.3 (Change of variable theorem forn—1 < p < n): Letn—-1<p < n.
A homeomorphism ¢: G — G’ induces the bounded operator ¢*: L})(G’ ) —
L;,(G) iff ¢ Is an ap-quasiconformal homeomorphism.

If p > n classes of ap-quasiconformal homeomorphisms and p-quasiconformal
homeomorphisms coincide. For p < n the classes are different and QCP(G, G cC
QCaP(G ,G"). Examples of ap-quasiconformal but not p-quasiconformal homeo-
morphisms can be found in Example 6 (section 4).

For p < n — 1 the condition of Theorem 1.3 is not necessary. For this case we
do not know a geometrical description of the corresponding class of homeo-

morphisms. Necessary and sufficient analytical conditions are the following:

THEOREM 1.4 (Change of variable theorem for 1 <p <n-1): Let1 <p<n-1.
A homeomorphism ¢: G — G’ induces the bounded operator ¢*: L (G') —
Ly(G) iff ¢ € Wi, (G) and almost everywhere

(2 GEen)™ < Ko

%,3=1
where the constant K does not depend on x.

Remarks: (1) The change of variable problem had been studied in terms of
multipliers of Sobolev spaces in [10]. (2) Theorem 1.4 for spaces W, (R™) was
obtained in [15] with additional restrictions. The change of variable problem for
the case ¢*: L1(G') — L}(G) (¢ < p) had been studied in [18]. However, the
arguments in [15] and [18] have gaps.

Let us mention some properties of p-quasiconformal homeomorphism which
will be proved in Section 2:

(1) a p-quasiconformal homeomorphism is differentiable almost everywhere;

(2) for p > 1, a p-quasiconformal homeomorphism is absolutely continuous in
the Tonelly sense (ACL-property);

(8) the coordinate functions of a p-quasiconformal homeomorphism belong to
the Sobolev space W) ,,.;

(4) for p > n, a p-quasiconformal homeomorphism is locally Lipschitz;

(5) for p < n, a p-quasiconformal homeomorphism ¢ “does not compress”
volume, i.e. for every compact set B, |¢(B)|/|B| > a? > 0;

(6) let G,G',G" be domains in R*, p > n, ¢ € QC,(G,G") and
Y € QC,(G',G"); then Y o p € QC,(G,G”).
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For p > n the set QC,(G) is a semigroup. Only for p = n (for the quasicon-
formal case) is QC,,(G) a group. For p < n we could not prove that QC,(G) is
a semigroup. If p; > p > n or p1 < p <n, then QC,(G,G") C QC, (G,G").

The following example demonstrates that the behaviour of p-quasiconformal
homeomorphisms (p # n) is essentially different from the behaviour of quasicon-
formal homeomorphisms. For p # n, p-quasiconformal homeomorphisms demon-

strate some “anisotropic” properties as we can see from the following example.

Example 1: Let @ = (a1, @g,...,05); @ =Y | a; where -1 <oy <ap < -+ <
ay, and let p: B(0,1) — R™ be the following:

p(z) = (z1- |x|™, 22+ [2|*2, ..., 20 - |2[*).
Forx #0

n
1+ Zaizﬂxl“z > min(e; + 1).

i=1

Hence for z #0
det I(z, ) = |z|*(1 + Zai$?|x|_2) = |z|®
i=1

and l,(z) < const - |z|*!. So the homeomorphism ¢ is p-quasiconformal in the
set R™~{0} for all p such that p-a; > a. For z = 0, l,(z,r) = r** and
|@(B(0,7)| = 0, - T™**. Here o, is the volume of the unit ball in R". So the
homeomorphism ¢ is p-quasiconformal at 0 if p- a; > a.

Consider three cases: a; > 0, a - 011"1 =mn,ora; <0. (1) If a; > 0 then
p>a- (le_1 and o - al_l > n. So the homeomorphism ¢ is p-quasiconformal for
allp > a- al‘l. Forp < a- 011_1 the homeomorphism is not p-quasiconformal.
(2)If a-a]' =n then oy = @; for all i = 1,2....n and the homeomorphism  is
quasiconformal. (3) If @ < a; < 0 then ¢ is p-quasiconformal for all p € [1,aa] ).
In this case signs of the numbers a;, s, .. ., @, may be different. We may choose
these numbers such that a; < az < - < ap_y <0, a, > 0 and a < ;. For
this choice the homeomorphism ¢ is p-quasiconformal for 1 < p < aal‘l <n-1
and both homeomorphisms ¢, ¢~! do not possess the Lipschitz property.
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2. The analytical properties of p-quasiconformal and ap-quasi-

conformal homeomorphisms

In this section we establish some differential properties of p-quasiconformal and
ap-quasiconformal homeomorphisms.

From this point on we assume that G, G’ are two domains in R™.

2.1 PRELIMINARY RESULTS. Definition of quasiisometrical homeomorphisms.
If

Koo(ip) = sup ly(z) < 00
z€G

and

e sup l,-1(x) < oo,
yEG'

KOO(‘P_I)

then a homeomorphism ¢: G — G is quasiisometrical and the quantity
KI(p) = max{Ko(¢), Koo(¢™1)} is a metrical dilatation of ¢.

Let us denote QI(G,G’) the group of all quasiisometrical homeomorphisms
p:G— G
PROPOSITION 2.1: For all 1 < p < o0, QI(G,G’) C QC,(G,G") and K, () <
KIP™ (p).

Proof: 1t is evident that for a quasiisometrical homeomorphism ¢: G — G’

KI™ (p) < limsup g, (z,r) < KI™ (p),

r—0

KI7 (p) < l,(x) < K1 (¢)

for all x € G. Thereforé
K, (90) < KI"+p(‘P)

and ¢ is a p-quasiconformal homeomorphism. |

Suppose that ¢: G — G’ is a homeomorphism. Then ¢ maps every Borel set
A C G onto a Borel set. The quantity p,(A) o lo(A)| is regular outer measure
(in the Borel sense), i.e. all open sets are u,-measurable and for each set A C G
there is a Borel set B D A such that pu,(A) = p,(B). Indeed, for eachset A C G
there is a Borel set C C G’ such that C D ¢(A) and |p(A)| = |C|. Hence ¢~1(C)
is the Borel set, ¢~1(C) D A and

1e(9™H(C)) = [C] = p(A)] = no(A).
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From the Lebesgue theorem, one can obtain the following Poposition; see e.g.
[14] Theorem 2.4.2.

PROPOSITION 2.2:
(1) ¢l(z) < oo almost everywhere;
(2) ¢, (x) is a measurable function;
(3) for each measurable set A C G, |p(A)| > [, ¢, (z)dz;
(4) if the homeomorphism ¢ is differentiable at x and I(z, ) is the Jacoby
matrix of f at z, then

ef
oy (z) = | det I(z,0)| = |I(z,)].

Let us present a transparent geometric interpretation of the notion of p-quasi-
conformality for differentiable case.

Let ¢: R* — R" be a linear isomorphism. There are two orthogonal bases
(€1,€3,...€n), (§1,G2,---Jn) and positive numbers Ay < Ay < --- < A, such
that o(€;) = M\g; for i = 1,2,...,n (see, for example, [12]). The vectors
(€1,&,...,€E,) are the eigenvectors for the symmetric linear isomorphism ¢7 o ¢
and the numbers A%, A2, ..., A2 are the corresponding eigenvalues.*

If S*—1 is a unit sphere in R", then for the basis (g, §o, . . -, §n) the set p(S™~1)

is the surface

Ea U SR
A2 2 Az

1,(0) = A, [I(z,0)] = MiA2 - An and Kp (0) = X271/ (A Ag - Ana)-

For a diffeomorphism ¢: G — G’ the positive numbers A;(z) < Ag(z) <--- <
An(z) correspond to the linear isomorphism dy(x). Then I (z) = An(z), [I(x, @)
= A1(z)A2(z) ... Ax(z) and the p-dilatation has the folowing simple form:

Ky (2,9) = X7 (2)/ (M (@)Aa(@) -+ Anca ().
2.2 DIFFERENTIABLE PROPERTIES OF p-QUASICONFORMAL HOMEOMORPHISMS

PROPOSITION 2.3: A p-quasiconformal (ap-quasiconformal) homeomorphism
¢: G — @' is differentiable almost everywhere (i.e the differential dp(x) exists

a.e.).

* Here @7 is the conjugate linear isomorphism.
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Proof: Let ¢ € QC,(G,G"). By Proposition 2.2, ¢, (z) < oo a.e. By the
definition of a p-quasiconformal homeomorphism 2 (z) < K (¢) - cp;,(x) a.e. So
l,(x) < oo a.e. Recall the Rademacher-Stepanov theorem (see, for example, (1]
Theorem 3.1.9):

Let a set B beopen, AC BCR"*,p: B— R™ and

lim sup lp(y) — ()]

< 0
y—z ly — z|

for all x € A. Then the mapping  is differentiable at almost all points in A.
By this theorem a p-quasiconformal homeomorphism is differentiable a.e. For

ap-quasiconformal homeomorphisms the proof is the same. 1

Let R~ o {z € R™| z; = 0}, P; be the orthogonal projection of R® onto
R*~! and Q def {x e R"a; <zj<aj+d d>0,j=1,2,...n} be a closed
cube. If a mapping ¢: @ — R is continuous and absolutely continuous on
almost every line segment in @}, parallel to coordinate axes, then ¢ is ACL on Q
(absolutely continuous on lines).

If U is an open set in R® and a mapping ¢: U — R™ is ACL on every closed
cube @ C U, then ¢ is ACL.

The theorem below is an extension to the p-quasiconformal case of the corre-

sponding results for quasiconformal homeomorphisms [2] and [14] section 31.2.

THEOREM 2.4: Let p > 1. A p-quasiconformal (ap-quasiconformal) homeomor-
phism ¢: G — G' is ACL.

The proof is essentially the same as that presented in [14].

Remark 1: The case p =1 is exceptional. A 1-quasiconformal homeomorphism
is not necessarily ACL, as can be seen from the following example:

Example2: Let v: R — R be a continuous increasing function. Suppose that v is
not an absolutely continuous function. The mapping () ef
(z1 + v(z1),x3,...,2,) is a 1-quasiconformal homeomorphism. The homeomor-

phism ¢ is not ACL. So Theorem 2.4 is not correct for the case p = 1.

COROLLARY 2.5: Let p > 1. Then a p-quasiconformal (ap-quasiconformal)
homeomorphism ¢: G — G' belongs to W, ,.(G).

Proof: By Proposition 2.3, ¢ is differentiable a.e., i.e. there is a measurable set
E C G such that |G — E| = 0 and ¢ is differentiable in E. Let B(zg,7) C G be an
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open ball, By = ENB(xo,r). For every point x € B; we have |V(yp;(z))| < l,(x)
for i = 1,2,...,n. By the definitions and Proposition 2.2

/ V(i) Pdz = / IV (pi(z))Pdz
B(zo,r) B,

<Ky (0) [ eulalds < Ky (o)lolBlzo, )| < oo

B
So ¢ C W, ,,.(G), because ¢ is ACL. [
2.3 METRIC PROPERTIES OF p-QUASICONFORMAL HOMEOMORPHISMS
PROPOSITION 2.6: Ifp > n and ¢ € QC,(G,G'), then
lo(x) < [Kp ()] P77
forallz € G.

COROLLARY 2.7: If p > n and ¢ € QC,(G,G’), then ¢ is a locally Lipschitz
homeomorphism.

Proof of the proposition: Fix a point £ € G and £ > 0. By the definition of the
p-quasiconformality there is r¢ such that, for all 0 < 7 < 7,

() < [Kp () + €] - u(a,7) < [Kp () + €]l (a, 7).
So l,(x,7) < [K, (p) + €)Y/ =)

Letting r — 0 and ¢ — 0 we obtain the desire result. |

PROPOSITION 2.8: Ifp < n and ¢: G — G’ is a p-quasiconformal homeomor-
phism, then for every measurable set B

o 2 Ky (e
Proof: Fix a point £ € G and ¢ > 0. By the definition of a p-quasiconformal
homeomorphism
[P ]P/™ < (lo(@))P < [Kp ()]},
Hence

o,(@) > [, ().

By Proposition 2.2

|BI[K, ()] ®") < /B d(@)dz < |p(B).
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PROPOSITION 2.9: If p < n and v: G — G’ Is a p-quasiconformal homeomor-
phism, then l,(z) > Ky ()]"/®=") .

Proof: Fix a point x € G and ¢ > 0. By the definition of a p-quasiconformal
homeomorphism there is an rq such that, for all 0 < r < rg,

lG(z,r) < [Kp (0) + elgpu(a,m) < [Kp (0) +e] - I (2, 7).
So ly(z) > [Kp (9)]/7™ .

2.4 RELATIONSHIP BETWEEN CLASSES OF P-QUASICONFORMAL HOMEOMOR-
PHISMS FOR DIFFERENT p

THEOREM 2.10: Ifp; > p>n orp; < p <n, then QC,(G,G') C QC, (G,G").

Proof: Let ¢ € QC,(G,G'), p > 1, p # n. Fixxz € G and ¢ > 0. There
exists an rg such that, for all 0 < r < rg, we have: (1) By the definition of a

p-quasiconformal homeomorphism

l(x,7) < [Kp () + elpu(z, 7).
(2) By Proposition 2.6, for p > n

lo(z,7) < [Kp () + ]/~
or by Proposition 2.9, for p < n

Lp(z,7) 2 [Kp () + €]/~
In either case the inequality

2P (@,7) < [Kp (1) + €] =P =)

is valid.
These two inequalities imply

P (z,r) = B (z,r)IB7P(x,7) < [Ky (0) + g]Pr=m/ =) ().
S0 Kp, (¢) < [Kp (9)]®17/P~") and 0 € QC, (G,G"). B

THEOREM 2.11: The set QC, (G, G’) coincides with the set of all quasiconformal
homeomorphisms QC(G,G").
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See [14] (section 22.3) or [12] .

ProposITION 2.12: If ¢ € QC(G,G') N QC(G,G’) then ¢ € QC,(G,G’) for
allp > n.

Proof: Let ¢ € QC(G,G') N QC(G,G"). Fix a point £ € G and ¢ > 0. By
the definitions of quasiconformal homeomorphisms there is an ro such that, for
all 0 <r < rg, ly(z,7) < Koo(yp) and

lg(z,7) < [Kn () + elpu(z, 7).
Forp>n
I5(z,7) < [Koo(9) + elPI5(x,7) < [Koo(0) + P " [Kn () + €]u(z, 7).
So Kp (¢) < Keo(9)P K (p) and p € QC,(G,G"). B

ProPosITION 2.13: If ¢ € QC(G,G') and ¢! € QC_(G,G'), then
v € QC,(G, G') for allp < n.

Proof: Let ¢ € QC(G,G’) and ¢~ ! € QC,(G,G’). Fix a point z € G and
€ > 0. By the definitions there is ro such that, for all 0 < r < 7o, I3(z,7) <

K () po(z,7) and l,(z) > [Koo(p~1)}~1. From these two inequalities we obtain

B(@,7) S{Ku(e™ )} — P (2, 1)
UKo} = P [Kn () + elpu(, 7)-

So v € QC,(G,G") for all p < m. ]

3. Change of variable operators for Sobolev spaces (weak version)

In this section we present some new resuits about the change of variable
operators for Sobolev spaces and establish some additional analytical properties
of p-quasiconformal homeomorphisms.

3.1 CHANGE OF VARIABLE THEOREMS FOR L]-SPACES (SUFFICIENT CONDI-
TIONS). Letp: G — G’ be a homeomorphism and

def
Koo(0) % sup l,().
z€G
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Definition: If K, (p) < oo, then a homeomorphism ¢ is quasilipschitz (or
oo-quasiconformal) and the quantity K. (y) is a quasilipschitz dilatation of
. Let us denote the set of all the quasilipschitz homeomorphisms QC_ (G, G’).

It turns out that the p-quasiconformal homeomorphisms induce change of vari-

able operators for Sobolev spaces Lzl,. The proof of this fact is presented in
Theorem 3.1.

THEOREM 3.1: Let1 < p € oo. A p-quasiconformal homeomorphism ¢: G — G’
induces the bounded operator ¢*: L1(G') — L1(G) .
For1 < p < oo we have ||p*|| = K;/” (¢). Forp = 0o we have [|¢*|| = Koo (¢)-

Proof: 1. For p = n the theorem follows from Theorem 1.1.

2. Let p>n and let u € L},(G') be a smooth function. The p-quasiconformal
homeomorphism ¢ is locally Lipschitz (Corollary 2.7). Hence u o ¢ is locally
Lipschitz also and V(u o ¢)(z) exist almost everywhere. By the definition of a
p-quasiconformal homeomorphism

/ V(w0 0)()Pdz < / V(@) - [l (2)Pdz
G
/ IV (@) Py (z)de

By Proposition 2.3, ¢ is differentiable a.e. So ¢, (x) = I(z,p) a.e. Therefore
(see, for example, Theorem 3.2.3 [1])

/ IV, u(()) P, () = / IV u(p@)P|(z, 0)ldz
G G
- / IV, u(y)Pdy.
Gl

Hence

[ 9wo)elrds < Kyte) [ 19,y
or
2) " ullp < K37 (@)l

Thus (2) is proved for u € Coo (G) N L},(G’ ). Because the smooth functions are
dense in the space L1(G’) and the operator ¢* is bounded on this dense set,
we can extend the inequality (2) for all u € L;(G’). So the homeomorphism ¢
induces the bounded operator ¢*.
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3. letl <p<nandletuce L:,(G') be smooth. The p-quasiconformal
homeomorphism ¢ € Wy ,,.(G) (Corollary 2.5). So u o ¢ is ACL and it has first
partial derivatives a.e.

Consider the outer measure p(A) of J4llo(z)]Pdz for every A C G. By 2.4.10
(1] every (Lebesgue) measurable set is p-measurable and for every (Lebesgue)
measurable function u

3) [ wtu= [ wat@pa

By the definition of p-quasiconformal homeomorphisms for every measurable set
ACG

@) wd) = /A lp(@)Pdz < K, (¢) / (@) < K, (9) - [o(A)].

For the outer measure
of -
o2 (W)(B) = u(p™'(B))

the inequality (4) implies
ef _
(5) 0#(u)(B) E pu(e0~(B)) < Kp (¢)1BI.
From (3) we obtain
llo*ull}, = /G V. (w0 p)(@)Pdz

(6)

IN

J 19wl - Ro@Pdz = [ 19,u(p()Pdn
G G

Because u is smooth the function V u exists everywere in G'. The function
Vyu(p(z)) is p-measurable. Hence by Theorem 2.4.18 [1]

™ [ WateenPau= [ 19,0 Pdone
Now inequality (5) implies

®) L 19sue)Paont) < Kolo) [ 19,0
So from inequalities (6), (7) and (8) we obtain

“‘P* uHI]J.,p S KP ((p)”u“i’,p
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The end of the proof is the same as for the case 2.

4. Let p = oo and 9 € QC_(G,G') . By the definition of quasilipschitz

homeomorphisms sup,¢g l,(2) Ko (p) < co. For every function u € L} (G)

we obtain
lle* ulizy (6 IV (uo )L (c)
<HIVy(ule())) - bp(@) Lo (c)
and
Koo (@NIVy(W)llzwe ¥ Koo (O)llullLy )-8

Remarks: 1. For ap-quasiconformal homeomorphisms Theorem 2.4 is also
correct. The proof is the same.

2. The case p = 1 is exceptional. A 1-quasiconformal homeomorphism is not
necessarily ACL (see Remark 1 to Theorem 2.4). If a homeomorphism does not
possess the ACL-property it does not induce a change of variable operator for
the corresponding Sobolev spaces.

For p = 1, Theorem 3.1 is correct with an additional restriction that ¢ is a
1-quasiconformal homeomorphism with the ACL-property.

3.2 CHANGE OF VARIABLE THEOREMS FOR W, -SPACES (SUFFICIENT CONDI-
TIONS).  Let us recall the definition of p-Poincaré domains. Let G be a bounded
domain. For an integrable function u on G the number ug is the average value

of u, i.e.
ug = |G|_1/ udz.
G

The p-Poincaré constant 1 < p < oo of G is given by the equality

u—u
P(G) = sup i cllz, @)
ueW)(G) ,usconst ”u”L},(G’)
The domain G is said to be a p-Poincaré domain if P(G) is finite. One

can find detailed information about Poincaré domains in the papers [6], [7], [10],
and [13].

THEOREM 3.2: Let G be a p-Poincaré domain, 1 < p < oo and let a homeomor-
phism ¢: G — G’ be p-quasiconformal. Then for every function u € W,(G') the
following inequality

lle™(u) = ¢* (wellwien < H - llullwie



46 V. GOL'DSHTEIN ET AL. Isr. J. Math.

is correct. Here the constant H depends only on the p-dilatation K, (y) and the
Poincaré constant P(G).

Proof: By the Poincaré inequality and Theorem 3.1

lle*(u) - ¢* (Wallwi(e) £ P(G)ll¢* (Wlri(a)
<PGEK? (o)lullren < POKP (o)llullwiay. W

Remark: The class of p-Poincaré domains includes the class of bounded domains
with Lipschitz boundaries.

THEOREM 3.3: Let 1 < p < n. A p-quasiconformal homeomorphism ¢: G — G’
induces the bounded operator o*: W) (G') = W)(G).

Proof: By Proposition 2.8, there is a number C such that |¢(A)| > C|A| for
each measurable set A and ¢'(z) > C a.e. Hence

lluo el @ = /G w0 ol (2)dz
< g et @aiss g [ mPd = gl

So the statement of the theorem follows from Theorem 3.2. |

3.3 WEAKLY p-QUASICONFORMAL HOMEOMORPHISMS. For technical rea-
sons we need to introduce new classes of homeomorphisms.
Let ¢: G — G’ be a homeomorphism and let ¢ € Wi ,,.(G). Define
I,(x) = max a;| V().
‘P( ) a=(a1,a2,..‘an), i‘ﬂ“—‘lzi: 1.! ‘pz( )'

The quantity
K} (z,0) € inf{Cl,(z) < Cy,(x)}

is a weak p-dilatation of the homeomorphism ¢ at z. If I,(z) > 0 and w;(x) =0,
then K (z,¢) = oo. The weak p-dilatation K]} (x,) exists a.e. because I,(z)
and the volume derivative ¢/ (z) exist a.e. For differentiable mappings ¢/, (z) =
| det I(z, @)|.

If p € W} ,.(G) and

loc

K} (¢) = Kp (2,0)] Loo() < 0,
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then the homeomorphism ¢: G — G'is a weakly p-quasiconformal and the
quantity K, () is a weak p-dilatation of the homeomorphism .

For p > 1 an ap-quasiconformal homeomorphism is a weakly p-quasiconformal
(Corollary 2.5 and the definition of ap-quasiconformality). As it will be seen
later, if p > n —1 then the classes of the ap-quasiconformal homeomorphisms and
the weakly p-quasiconformal homeomorphisms coincide (Theorem 4.10). For p <
n—1 the classes are different. In Section 4, Example 5 we demonstrate an example
of a weakly p-quasiconformal which is not an ap-quasiconformal homeomorphism.

The following theorem is in fact a version of Theorem 3.1.

THEOREM 3.4: Let 1 £ p < o0. A weakly p-quasiconformal homeomorphism
¢: G — G’ induces the bounded operator ¢*: L3(G) — L3(G’).

The proof is almost the same as the proof of Theorem 3.1 . Instead of lo(e) it
is necessary to use l,(z) in the proof of Theorem 3.1. |

3.4 CHANGE OF VARIABLE THEOREMS (WEAK NECESSARY CONDITIONS).
Let ¢: G — G’ be a continuous mapping. Fix some domain @ C R*¥. Suppose
that {Ky}yeq is a family of compact sets such that K, N K,, = @ if y; # y and
K,CG forallyeQ.

LEMMA 3.5: |p~Y(K,)| = 0 for all y € Q except possibly a countable subset of
Q.

Proof: Let A, = {y € Q: |p~ (Ky)| > 1/s}, s = 1,2,.... It is obvious that
every set A, is at most a countable set. So 4 = {y € Q: [~} (K,)| > 0} is at
most countable too.

Now we turn to the investigation of the necessary analytic conditions for the
change of variable problem. The first step in this direction is the following:

THEOREM 3.6: If a homeomorphism ¢: G — G’ induces the bounded operator
¢*: Ly(G') — Ly(G) forp > 1, then € W}, (G) and there is a number Q,(¢)
such that

[Vei(z)P < Qp(p)wy(2)
for almost allx € G and for alli =1,2,...,n.

Proof:  The proof is based on construction of a function % whose graph is of
a “saw-type” with adjacent orthogonally meeting segments. The action of ¢*
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on this particular function defines the differentiable properties of the homeomor-
phism ¢.

By Proposition 2.2, ¢} (z) < 0o a.e. Fix g € G such that ¢/ (zg) < oo. Let
€ > 0, k > 1 be arbitrary. There exists an rq such that, for all 0 < r < rg,

@) le(B(zo, kr))| < (¢,(2) +€)|B(wo, kr)| < (¢,(z) + €)k™| B(zo,7)|-

Let M = (¢),(x)+¢)k™. Let us call a cube @ h-regular if all its edges are parallel
to the corresponding coordinate axes, the length of the edge is h and every vertex
b has the form kih, kgh, ..., k,h where k1, ko, ..., k, are integers. If @, and Q,
are h-regular cubes @7 # Q3, then Int Q; NInt @, = @. Fix r < rg and choose
h > 0 such that

h< s —pdist(p(S @0, kr)), ¢(S(z0,m))).

Let @ be the union of all h-regular cubes @, such that Q. N (B(xg,7)) # 0. It
is evident that

@(B(z0,7)) C Q C p(B(xo, kr)).

Fix the axis x;. Let us denote the hyperplanes x; = t h by L;. The hyperplanes
L., (m is an integer) divide R" into the layers

Zmz{weR"|mh<x,~<T—+—l}.

Let Qm = QN Zp,.

For every Qm we construct three functions: m1 = z; — mh, P2 =
(m + 1)h — zj, Ym3 = 3h — dist(Pj(z), P;(Qm)). Here Pj: R* — R;."l is
the orthogonal projection of R™ onto ]R? 1. Consider the following functions
Y = max{0, min{¥m 1, ¥m.2: ¥Ym3}}, ¥ = D ¥m, and E = {z € G| ¥(z) is
not differentiable at the point z}. It follows from the definition of ¢ that it has
the following properties:

(1) Supp(¥) C @(B(zo, kr));

(2) ¥ € Wp(G) for all 1 < p < o0;

(3) ¢ is differentiable almost everywhere;

(4) |Vap(z)] =1 for all points z € ¢(B(xo,r)) ™ E;

(5) |V (z)| <1 almost everywhere;

(6) ¥(z) = Fx; + const into all components of the set ¢(B(zo,r))\E.
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The set E n @¢(B(xg,7)) belongs to a finite union of hyperplanes
L¢ Ly, ..., Ly,, where 2t; is an integer. By Lemma 3.5 for almost all small

translations 7, parallel to the axis z;

|<p_1 ('ry (En cp(B(xo,r)))>. =0.
So we can assume that
(7) ¢~ (E 0 @(B(zo, )| = 0.
By the assumption of the theorem, o* (¢) = oy € LII,(G ) . By the properties
6 and 7 of the function 3, we have ¢*(¥)(z) = Fo;(z) + const for almost all
z € B(zg,r). Therefore

{ /w@ y Vips(e)pda}

IN

{ [V op@par}”

o™ (¥ )||L,1,(G)-
)

Il

(10)

Since ¢* is bounded and Supp(y) C ¢(B(xo, kr)

* * * llp
[l <1019 o <1971 { [ IVute)as)

B(wo,kr)
By the property 4 of the function ¢, |[Vy| <1 a.e. Hence

(11) / V() Pde < [o(B(zo, kr).
B(zg,kr)
From (10)—(11) it follows that
/ Vs (@)Pdz < | °| ?|o(B(zo kr))].
B(zo,r)

By (9)
/ V3 (@) Pdz < Mlg* P|(B(o, ).
B(Ioﬂ‘)

Hence

limsup ———
r—0 |B(Zo,7)| JB(2o,m)

By the Lebesgue theorem and (9)
V(o) < | ™| P4, () + €)k™.

Letting at first € — 0, then k¥ — 1 we obtain

IV, (zo)lP < | ¢*| Pl (z)

Vs (@)Pdz < Mljg"| 7.

for almost all xg. ]
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Remark: By Theorem 3.1 and Theorem 3.6, a p-quasiconformal homeomor-
phism is a weakly p-quasiconformal for p > 1.

3.5 CONCLUSIONS. All previous results allow us to obtain an analytical
solution of the change of variable problem and some new results useful for the
geometric solution. The latter will be presented in Section 4. Theorems 3.7-3.10
summarize the previous results.

PROPOSITION 3.7: A weakly p-quasiconformal homeomorphism belongs to the
space W) ..(G).

Proof: By Proposition 2.2, for every open ball B(x,)

/. Ve < 15 ) [ ey

(zy7)

<K, (p)lp(B(z,r))| <. B
Theorem 3.2 and Theorem 3.6 imply the following results.

THEOREM 3.8: Let 1 < p < o00. A homeomorphism ¢: G — G' induces
the bounded operator ¢*: L,l,(G' ) — L},(G) iff ¢ is a weakly p-quasiconformal
homeomorphism.

Now we are able to realize the following fact which is important for applications.
Namely, if a homeomorphism induces a change of variable operator in a domain,
then it induces a change of variable operator in all subdomains.

THEOREM 3.9 (Localization Principle): Let G, G’ be domains in R™ andV C G
be a subdomain of the domain G. If a homeomorphism ¢: G — G' induces the
bounded operator ¢*: L1(G') — L1(G), then |V induces the bounded operator
(@lV)*: Ly(e(V)) = Ly(V).

The next theorem establishes the fact that weakly p-quasiconformal
homeomorphisms form a semigroup.

THEOREM 3.10: Let G, G',G" be domains in R"*. If p: G — G' and y: G' —
G" are weakly p-quasiconformal homeomorphisms, then the homeomorphism
P o @ is a weakly p-quasiconformal homeomorphism.

Proof: By Theorem 3.8, the homeomorphisms ¢, ¥ induce the bounded op-
erators ¢*: L1(G") — LL(G) and ¢*: Ly(G") — Ly(G'). The composition
@* oy* = (Y 0 )* is a bounded operator from LL(G") to L1(G). By Theorem



Vol. 91, 1995 HOMEOMORPHISMS OF SOBOLEV SPACES 51

3.8 the homeomorphism % o ¢ is a weakly p-quasiconformal homeomorphism.
|

4. Additional properties of p-quasiconformal homeomorphisms and
strong versions of the change of variable theorem

In this section we prove the coincidence of the class of weakly p-quasiconformal
homeomorphisms with the class of p-quasiconformal homeomorphisms for p > n
and the coincidence of the class of weakly p-quasiconformal homeomorphisms
the class of ap-quasiconformal homeomorphisms for p > n — 1. At the end
we prove the change of variable theorem for p > n — 1 (Theorems 1.2 and 1.3
from Introduction) and give some applications of the p-quasiconformality for the
embedding theorems.

4.1 CAPACITY. Let Fy, F; be closed subsets of the domain G such that

Fyn Fy, = . We define a continuous function u € Lzl, (G) to be p-admissible for

the pair Fp,Fy if u=0o0on Fy, u=1on Fyand 0<u(z)<1lforallz €G.
The quantity

Capp(FO ) Fl 7G) = lgfl ’U.i pi,;(G)

is the capacity of the pair Fy, Fj in the space L;(G ) (so called p-capacity). Here
u is an admissible function.

If admissible functions for a pair (Fp, F;) do not exist, then Cap,(Fo, F1,G) =
00.

PROPOSITION 4.1: If a homeomorphism ¢: G — G’ induces the bounded oper-
ator ¢*: L}(G') — L3(G), then

Ca'pp (FO 1 ’G) < I ‘P'| PCapp (‘p(FO) )‘P(Fl)’GI)

for every pair of closed sets Fy, F; C G.

The proof is evident.

COROLLARY 4.2: If a homeomorphism ¢: G — G’ is p-quasiconformal, then

Cap, (Fo, F1,G) < K, (9)Cap, (¢(Fo) , (Fy) , G).
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Proof: By Theorem 3.1, v induces the bounded operator ¢*: L;(G’) — L3(G)
and | ¢*| P < K, (0)(K; (9)). W

Similarly, one can prove the proposition when a p-quasiconformal homeomor-
phism is replaced by a weakly p-quasiconformal one.

The following fact will be used in the proof of Theorem 4.4 and it is known
([4] Proposition 6.8).

PROPOSITION 4.3: Let B(zg,r) be an open ball, a,b € B(zg,r), p > n. Then
Cap,({a}, {0}, B(zo,7)) 2 &*(n,p)la — b|*~?

where a?(n, p) depends only on the numbers n and p.

THEOREM 4.4: Let p > n. A weakly p-quasiconformal homeomorphism

¢: G — G' is p-quasiconformal.

Proof: Let a ball B(xg,r) be such that B(zo,2r) C G,

L= sup |p(zo) - (2)|
2€S(zo,r)

and a point 29 be such that L = |¢(zq) — ¢(z0)|. Without loss of generality we
can suppose that p(zo) = 0 and ¢(z9) = (L,0,...,0). Consider the function
u(y) = n1/L for y = (y1,¥2,...9Yn) € G'. The function u is p-admissible for the
pair {p(x0)}, {¥(20)}-

Let p > n. By the Localization Principle (Theorem 3.9) the homeomor-
phism ¢: B(xg,r + €) — ¢(B(xg,7 + €)) induces the bounded operator ¢*:
Ly (o(B(xo, + €))) — L1(B(xo,7 + €)). Hence Proposition 4.2 and Proposi-
tion 4.3 imply

a*(n,p) - 7" 7" < Cap,({z0)}, {20}, B(z0,7 + ¢))
< lle*|PCap,({#(zo)} , {(20)} , p(Blzo, 7 + €))

* * P B(z T+ E
<lele [ IV (u)) Py = g B LT+
(p(B(:L‘o,‘I‘+€ )

Letting ¢ — 0 we obtain

lo(z,r)P < K;(tp)
|Sov(x,r)[ - Qna2(n,p).

So the homeomorphism ¢ is p-quasiconformal. The proof for the case p = n (for
quasiconformal homeomorphisms) is given in [14]. [ |
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Theorems 3.8 and 4.4 imply Theorem 1.2 from the Introduction, which we may
reformulate now in the new language as follows:

THEOREM 1.2: Let n < p < 0o. A homeomorphism ¢: G — G' induces the
bounded operator 9*: Li(G') — L(G) iff ¢ is a p-quasiconformal homeo-
morphism.

The next theorem establishes the fact that for p > n, p-quasiconformal
homeomorphisms form a semigroup.

THEOREM 4.5: Let G, G',G" be domains in R® and let n < p < oo. If
¢ € QC,(G,G") and ¢ € QC,(G',G"), then the homeomorphism ¥ o ¢ €
QC,(G,G").

Proof: By Theorem 3.1 the homeomorphisms ¢, 9 induce the bounded operators
¢*: L(G') — Li(G) and ¥*: Ly(G") — Ly(G"). The composition ¢* o y* =
(1 o p)* is a bounded operator from L1(G") to L,(G). By Theorem 4.5 the
homeomorphism 2 o ¢ is a p-quasiconformal homeomorphism. 1

Example 3: A p-quasiconformal homeomorphism ¢ with the inverse homeo-

1

morphism ¢~* which does not have the Holder property.

Let @ = (a1,02,...,a,) and @ = Y Jo; with 0 < g < ag < -+ < an.

Consider the mapping ¢: B(0,1) — R™,
(p(x) = (-Tl . e—m/ll‘l, zg - e—az/lrl, T e—a,,/|:c|)-

The homeomorphism is p-quasiconformal for p > a/a;. The inverse homeo-
morphism does not have the Holder property.

Remark: By Corollary 2.7, a p-quasiconformal homeomorphism is locally Lip-
schitz for p > n. By Example 3, for every p > n there exists a p-quasiconformal
homeomorphism ¢ such that the inverse homeomorphism does not have the
Holder property. So the semigroup QCP(G) is not a group for p # n.

PROPOSITION 4.6: Let p > n—1, let G be a domain in R* and let B(z,2R) C G
be a ball. If two continuums Fy, Fy connect the spheres S(z, R) and S(z,2R),
then Cap,(Fo, F1,G) > o*(n) - R*7P.

See, for example, [4], Proposition 6.7 for n = 2. The proof for the case p =n
is the same. However, the proposition follows from [10], section 9.1.2.
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PROPOSITION 4.7: Let p > n — 1, let a closed ball c1B(z,2R) C G and
¢: G = G' be a weakly p-quasiconformal homeomorphism. Then there is a
number Q(n, K} (p)) such that

SUP,¢e5(2,R) [9(2) — 9(2)|P
lo(B(z,2R)|

Proof: Let L = supyeg(z, m) lo(z) — ¢(y)| and § be such that L = |p(z) — F|.

R™P < Q(n, K} ().

We can suppose that ¢(z) = (0,0,...,0) and § = (%o,...,0). Suppose that
7, = (t1,0,...,0) is such that: (1) 1 € ¢(S(z, 2r), (2) the segment Fy = [7, 7]
connects ¢(S(z, R)) and ¢(S(z,2R)). Consider the function u: R — R such
that: u(t) =t/L for 0 <t < tp; u(t) =0 for ¢t < 0; and u(t) =1 for ¢ > to. The
function v(y) = u(y1) for ¥ = (y1,¥2,..-,Yn) is a Lipschitz function. Let Fy} =
{p(cl(B(z,2R) ~ ¢(B(X, R)} N {G'\Int(Suppv)}. The function v is admissible
for the pair Fp, Fy;. From the definition of the p-capacity and the inequality
|Vv| < 1/L, it follows that

Cap,(Fo, F1,¢(B(z,2R)) < |[vl|Zs(o(B(a,2r))
le(B(z,2R)|
Lp '

/ IVo(y)Pdy <
Supp (v)Ne(B(z,2R))

By the Localization Principle and Proposition 4.1
K} (¢)Cap,(Fo, F1, ¢(B(z,2R)) > Cap, (¢ (Fy) , 0" *(F1) , B(z, 2R)).

The continuums ¢~1(Fp), ¢~ (F}) connect the spheres S(z, R), S(z, ,2R). By
Proposition 4.6

Cap, (™ (Fo) ¢} (F1), Bz, 2R)) > o*(n) - R™".
Therefore

lo(B(z, 2R)|

2 . pn—p
Ir >a*(n)-R"P. 1

1
K, (v)
Remark: The proposition is correct for a ball B(z,qr) if ¢ > 1. The proof is
the same. Of course, the constant Q(n, K; (¢)) depends on the choice of the
number ¢.
Proposition 4.7 implies the following result:

THEOREM 4.8: Let p > n — 1. A weakly p-quasiconformal homeomorphism
¢: G — G’ is ap-quasiconformal.
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From this theorem and Theorems 3.2 we obtain Theorem 1.3 from Introduction.

THEOREM 4.9: Let G, G',G"” be domains in R® and n — 1 < p < n. If
¢: G = G and ¥: G' — G" are ap-quasiconformal homeomorphisms, then
the homeomorphism 1 o ¢ is an ap-quasiconformal homeomorphism.

Proof: By Theorem 1.2 the homeomorphisms ¢, ¥ induce the bounded operators
¢*: LL(G') — LY(G) and 9*: L}(G") — L}(G’). The composition ¢* o y* =
(% 0 )* is a bounded operator from L}(G") to Ly(G). By Theorem 4.11, the
homeomorphism v o ¢ is an ap-quasiconformal homeomorphism. [ |

Example 4: A p-quasiconformal homeomorphism that does not have the Holder
property (p < n).
Consider the mapping ¢: B(0,1) — B(0,1),

e

P =2 ogleflal)

For a point z # 0,
det J(z, ) = |z[™™ - |log(jz])|**' and Iy(z) = |z|™! - log™ (e/|x]).

Hence for 1 <p < n and z # 0,

L@P | .
Ky (5,9) = 5000 = ol [log(a) P

So the homeomorphism ¢|B(0, 1) “{0} is a p-quasiconformal homeomorphism for
all p < n. For the zero point

.pnP

o diam(p(B(0, 7))
Ko (@ 0) =lmsup =0 B0, M)

= o~ imsup | log(r)|*"P - r" 7P = 0.
r—0

Example 5: A weakly p-quasiconformal homeomorphism that is not ap-quasi-
conformal, p < n — 1.

Fix a number ¢ > 1. Let ¢ > 0 and p = (};_, x?)/2. Consider functions
a(t) = gt=¢/("=V 5(t) = ¢, and

(12) k(t) = [aP(t) . tlp—1)(1-¢) ,s(t)l—p]l/(n—p)
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where ¢ € (0,1). Pick a sequence of numbers t,,, m = 1,2, ... with the following
properties: 0 < t; < 1; 2t3n'_f1k(tm+1) = tyk(tm ). Note that ¢, — 0 and
k() = gP/(=P) L gme(rp—nt)/(n=)(n=p) _, o
when m — oo.
Divide the ball B(0,t;~%) into the parts D; ,, i = 1,2,3,4, m = 1,2,... in the
following manner:
Dy = {z] tm + a(tm)p < 71 < t17° — a(tm)p},

1—¢

t
Dym = {:E| tm +a(tm)p < T1 St + 8(tm) + o a(tm) =

=t — 28(tm)
‘}n—s _tm }’
Dz,m = Dp, \Dl,m» D3,m = {IBI tm < lxl < tfln—e} N Dy,

Do = {z|th) < Il < tm}.

Define the homeomorphism ¢: B(0,t17¢) — R" as follows:

L ¢(0) =0;
2.
’l'(xl —tm — a(tm)p) tvln_e —tm)
o(z) = (tm +a(tm)p+ 2 Stn) ( ,:L‘g,xg,...,xn) k(tm)
for £ € Dy
3.

o(z) = (t}n—i_a(tm)p_ %(t}n_f —a(tm)p— xl)(trln_e —t,)

) )k
for z € Dy p;
4. o(x) = k(tm)x for x € D3 m;
T o M) + el K
(b — o) -
for £ € Dy m.

Note that the point (¢, + $(tx),0,...,0) € D;, maps to the point
(k(tm)(tm+tE¢)/2,0,...,0). It is not difficult to see that ¢ is a homeomorphism.

Let us prove that ¢ is a weakly p-quasiconformal homeomorphism.
Forz € Dim

det J(z,0) 21 s(tm) ™t k(tm)™
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and
l(2) 2 a(tm) - t57 - s(tm) ™1 - k(tm).

Hence

l P
‘:'(Tﬂz) = a(tm)? - t1(711—5)(p—1) ’ s(tm)l_p k(tn)PT" =1,

For © € Dy, det J(z, @) = k(t,m)™ and I (x) = a(tm)k(tm). Hence

l P
e o 1) bt = £V (1) — 0

when t,,, — 0.
In the set Dj3,, the homeomorphism ¢ is a homothetic transformation with

the coefficient k(t,,,) > 1. Hence ¢ is a p-quasiconformal homeomorphism for all

p<n
For x € Dy m, det J(z, ) 2 k(tm) - k(tm+1)" ! and l,(2) = k(tm+1). Hence
lq:(x)p -1 —
. > k(tm) "t k(tme)P"H < 1
(Pv(-l') ( ) ( +l)

because p < n — 1.
Let us prove that the homeomorphism ¢ is not an ap-quasiconformal

homeomorphism at x = 0. We have

1o(0, o + 8(tm)) = 5 (m + Vol tm)

and

((tm + 5(tm))" + (altm)” qs(tm))" " trr - k" (tm)

va(ov q(tm + S(tm))) S (tm + S(tm))n

= k(tm,)".
So
1,(0,tm + s(tm))P
©u(0,q(tm + 5(tm))
when t,,, — 0.

o~ t;LPEk(tm)P—" — q—PtirSP—"'H)/(”—l) - 00

Example 6: An ap-quasiconformal homeomorphism that is not p-quasi-
conformal, p < n.

Let a(t) = 1, s(t) = t1¥5/("~1)_ Define the homeomorphism ¢ in the same way
as in Example 5.

Here we have
(13) k(tym) = t;l"E(P-I)/(nﬂ)(n—p).
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By the calculation of Example 5 the homeomorphism ¢ is p-quasiconformal in
domains Dj m, D2,m, D3m for all p < n. We must prove that the expression
k(tm)™! - k(tm+1)P~"*! is bounded in Dy ,,,. From (13) it follows that:

-1 —n+1 22 (1 )
k(tm) " - k(tme)P "7 £ 2t,,01 P netr .

So for sufficiently small ¢ the homeomorphism ¢ is p-quasiconformal in Dy ..
At 0,
lo(0,tm + 8(tm)) = 1,7 - k(tm)
and
@u (0, b + 8(tm)) = k(tn)".
So

1(0ytm + 8(tm))? . ,— - ep=2)
St k()P =t
‘Pv(O’ tm + s(tm)) m ( m) -

when t,, — 0. So the homeomorphism ¢ is not p-quasiconformal. At the same
time, for ¢ > 1, we have ¢, (0,g(tm + s(tm)) = k™ ()¢5, Hence

l‘p(O, tm + s(tm))?
‘Pv(ov ‘I(tm + s(tm))

o~ f{l=Pleppn(y )= t;gp—l)/(fwl) 0.

4.2 EMBEDDING THEOREM.  The following example will be useful to illus-
trate the Embedding Theorem (Theorem 4.10).

Example 7: Let & = (a1,az,...,05) and a = Y Ja; with oy > ag > --- >
a, = 1. Consider the domain K, = {r e R*: 0 < z, < 1; 0 < z; < 2%} for
i=1,2,...n—1. Let us denote by K; the domain K, for @ = (1,1,...,1). Let
a > 0. The homeomorphism ¢,: K1 — K, ,

a-ay—1

<,0a(.’lf) — (-Tl -zl a-az—1

sy L2 Ty

aan~1

_— a
ey Xt T =z;)

has det I(z, ¢,) = 22> ™ and I, (z) < const - z2~!. Hence the homeomorphism
o is p-quasiconformal for all p such that p(a — 1) > a-a —n. If a > 1, then
p>(aa—n)/(a—1) >a>n Ifa<1landa < (n—1)/(a—1), then
1<p<(n—-aa)/(l-a). Sofor p € [a,00)U[1,n) there is a p-quasiconformal

homeomorphism.

Remark: There exists a quasiisometrical homeomorphism from a ball B(0,r) to
K. So, in Example 7, we can replace the set K1 by a ball.
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THEOREM 4.10: Let G be a domain in R™. If there exists a p-quasiconformal
homeomorphism ¢: B(0,1) — G for some p > n, then W,;(G) C C(G) and
there is a constant Q such that | u| ¢(¢) < Q- | u| wy(g) for all the functions
u€ W,}(G). The constant Q) is independent of the function u.
Proof: Fix a function u € W}(G). By Theorem 4.5, ¢*(u) € L1(B(0,1)).
Hence ¢*(u) € WPI(B(O,I)). By the classical embedding theorem, u o ¢ def
¢*(u) € C(B(0,1)). So u € C(G). The first part of the theorem is proved.

We will use the notation osc(u) def sup g () — infzec u(z). By Theorem
4.5

lle* (WllLaso,1yy < @71l lulleray) -
Hence

llulleey = lle* (Wlleso,1)) < osc(u) + zllc_lg u(z).

By the Sobolev inequality there is a constant Q1(n) such that

osc (u) < Q1(n) - [le* (ul|L2(B(0,1)) -
From these three inequalities we obtain
llulle@ < Qi(n) - lle™ll -Ilulleyey + inf u(z)
< Qi) - lle*ll - llullerey + G lullL,@)- 8

Remark: By Example 7, for G = K, the theorem is correct for all p > a. For
n < p < a there are unbounded functions in the space Wpl(Ka). For example,
the function u(z) = 22,1 — a/p < B < 0 belongs to the space W}(B(0,1)).
Indeed

| epras=iap [ o6V

1
= |ﬂ|”/ gP (B-D¥a=lgy < 0.
0

From the theorem and the remark it follows that a p-quasiconformal homeo-
morphism from a ball B(z,r) to the domain K, does not exist for n < p < a.
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